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Metamaterials offer the freedom to tune the rich electromagnetic coupling
between the constituent meta-atoms to tailor their collective electromag-
netic response. Therefore, a comprehensive understanding of the nature
of electromagnetic interactions between meta-atoms is necessary for novel
metamaterial design, which is provided in the first part of this thesis. The
subsequent work in the thesis applies the understanding from the first part
to design and demonstrate novel one-dimensional metamaterials that over-
come the limitations of metamaterials proposed in literature or exhibit elec-
tromagnetic responses not previously observed.
Split-ring Resonators (SRRs) are a fundamental building block of many elec-
tromagnetic metamaterials. In the first part of the work in this thesis, it
is shown that bianisotropic SRRs (with magneto-electric cross-polarisation)
when in close proximity to each other, exhibit a rich coupling that involves
both electric and magnetic interactions. The strength and nature of the
coupling between two identical SRRs are studied experimentally and com-
putationally as a function of their separation and relative orientation. The
electric and magnetic couplings are characterised and it is found that, when
SRRs are close enough to be in each other’s near-field, the electric and
magnetic couplings may either reinforce each other or act in opposition. At
larger separations retardation effects become important.
The findings on the electromagnetic interactions between bianisotropic res-
onators are next applied to developing a one-dimensional ultra-wideband
backward-wave metamaterial waveguide. The key concept on which the
metamaterial waveguide is built is electro-inductive wave propagation, which
has emerged as an attractive solution for designing backward-wave support-
ing metamaterials. Stacked metasurfaces etched with complementary SRRs
(CSRRs) have also been shown to exhibit a broadband negative dispersion.
It is demonstrated through experiment and numerical modeling, that the op-
erational bandwidth of a CSRR metamaterial waveguide can be improved by
restricting the cross-polarisation effects in the constituent meta-atoms. The
metamaterial waveguide constructed using the modified non-bianisotropic
CSRRs are found to have a fractional bandwidth of 56.3% which, based on
a thorough search of relevant literature, is the broadest reported value for
an electro-inductive metamaterial. A traditional coupled-dipole toy-model
is presented as a tool to understand the field interactions in CSRR based
metamaterials, and to explain the origin of their negative dispersion re-
sponse. This metamaterial waveguide should be of assistance in the design
of broadband backward-wave metamaterial devices, with enhanced electro-
inductive waveguiding effects.
In the final part of the thesis, a one-dimensional metamaterial prototype
that permits simultaneous forward- and backward-wave propagation is de-
signed. Such a metamaterial waveguide could act as a microwave analogue
of nanoparticle chains that support electromagnetic energy transfer with a
positive or a negative dispersion due to the excitation of their longitudinal
or transverse dipole modes. The symmetry of the designed hybrid meta-
atom permits the co-existence of two non-interfering resonances closely sep-
arated in frequency. It is experimentally and computationally shown that
the metamaterial waveguide supports simultaneous non-interacting forward-
and backward-wave propagation in an overlapping frequency band. The
proposed metamaterial design should be suitable for realising bidirectional
wireless power transfer applications.
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Since the inception of the field of ‘metamaterials’, extensive research has revealed that
their tailored electromagnetic responses are acquired from the precise geometric shape,
size, and relative arrangement of their ‘meta-atoms’, which influence the electromag-
netic interactions among the meta-atoms. The strength of this interaction can be tuned
by changing the separation and the relative orientation between the meta-atoms. How-
ever, a full characterisation of the nature of electromagnetic coupling between meta-
atoms as a function of both relative orientation and separation had yet to be performed.
One of the objectives of this thesis is to provide a better understanding of electro-
magnetic interactions between meta-atoms in microwave metamaterials, by using exper-
imental findings validated through analytical and numerical models, and toy coupled-
dipole models, as required. Such a complete characterisation would be a valuable asset
to researchers designing metamaterials.
A simple coupled-dipole approach is employed for qualitative prediction and un-
derstanding of the nature of electromagnetic interactions between meta-atoms, and the
numerical modelling tool for accurate quantitative determination of strength of the res-
onant modes resulting from the meta-atom interactions. The main goal of the thesis is
then to apply the understanding gained from the meta-atom coupling study to design,
analyse and demonstrate one-dimensional metamaterial systems that either improve





The contents of this thesis can be divided into three sections. The first section (chap-
ters 2 and 3) introduces the theoretical background along with the experimental and
modelling methods used in the thesis, necessary to understand the work undertaken in
the subsequent chapters. The second section (chapter 4) lays the experimental ground-
work in understanding the nature of electromagnetic coupling in bianisotropic split-ring
resonators, on which the rest of the thesis is built. The third and final section (chapters
5 and 6) present the one-dimensional metamaterial designs for novel applications such
as magneto- and electro-inductive waveguides, and power transfer devices.
Chapter 2 furnishes the historical developments in electromagnetics research that
led to the inception of the field called ‘Metamaterials’. The literature containing works
on the electromagnetic coupling between split-ring resonator (SRR) meta-atoms in sev-
eral relative orientations are reviewed and the findings summarised. The key concepts of
magneto-inductive (MI) coupling between split-rings, complementary resonators along
with the so-named electro-inductive (EI) coupling between them, are introduced. The
theoretical dispersion relations of the MI and EI wave propagation in one-dimension
is presented and reviewed. These dispersion relations are compared to those of one-
dimensional coupled dipole chains in order to draw a parallelism between the concepts.
A detailed overview of the fabrication techniques used to make the microwave meta-
materials are presented in chapter 3. The theoretical working mechanism of the ex-
perimental equipment such as the Vector Network Analyzer (VNA), coaxial antennas,
and the rectangular waveguide used for experimental metamaterial characterisation are
elaborated. The second half of the chapter presents the features and boundary condi-
tions used in the finite element numerical modelling technique, and the derivation of
necessary analytical formulation that are used in chapter 4 to characterise the electro-
magnetic interactions in a coupled SRR dimer.
The SRRs being one of the popular meta-atoms of choice to construct metamate-
rials are chosen as the prime candidate of study for chapter 4. A basic bianisotropic
single-ring design is chosen. A single SRR is characterised in a rectangular waveguide
at different orientations with respect to the electromagnetic propagating mode of the
waveguide, so as to understand its resonant response and outline the physical limitations
imposed by the waveguide. Two identical SRRs are then placed in the waveguide, with
their scattered signals (reflection and transmission) recorded as a function of changing
relative orientation and separation between them. The analytical model formulated in
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chapter 3 is used to compute the resonance frequencies of the SRR dimer to validate
the experimental results and the electric and magnetic coupling coefficients to show
how the coupling strength of each type of interaction is tuned as a function of changing
parameters.
In chapter 5, a specific example of a stacked complementary SRR (CSRR) de-
sign is used to demonstrate that the presence of cross-polarisation effects in CSRR
meta-atoms can influence the inter-element coupling in the same way it does in reg-
ular SRRs. A design modification is suggested to enforce non-bianisotropy through
symmetry. A one-dimensional metamaterial waveguide, constructed by stacking the
non-bianisotropic CSRR meta-atoms is characterised and its performance compared
with that of a similar 1D stacked metamaterial waveguide with bianisotropic CSRR
meta-atoms. In the last section, further investigation on the sensitivities of the two
metamaterial waveguides to changing longitudinal periodicity are numerically analysed.
Chapter 6 presents the results of an interesting challenge - to design a metama-
terial waveguide that supports both positive and negative dispersing resonant modes
in an overlapping frequency band, without having to change the lattice parameters
of the metamaterial. A hybrid meta-atom design is presented, which is then used to
construct a 1D metamaterial waveguide with non-interfering counter-propagating in-
ductive modes.
In the concluding chapter (chapter 7), the summary of findings from all prior chap-
ters is presented, with possible applications of the proposed metamaterial structures







The term ‘Metamaterials’ comes from the combination of the Greek word ‘meta’ mean-
ing beyond, and the word ‘materials’. Metamaterials are structured or artificially de-
signed to manipulate waves such as electromagnetic and sound waves. They offer a
range of extraordinary properties that are beyond what is available from naturally oc-
curring bulk materials, which has opened the door to many novel applications. Their
tailored properties are derived from two important features 1) the inherent response of
the individual ‘meta-atoms’ which constitute the material (just as naturally occurring
materials that derive their properties from their constituent atoms), and 2) the specific
periodic or aperiodic arrangement of these atoms in a lattice.
‘Meta-atoms’ are the artificial atoms/molecules that can be designed to shape the
collective electromagnetic (or acoustic) response of the metamaterial. The dimensions
of the atoms and the lattice separation between individual atoms are in general sub-
wavelength, such that an incident electromagnetic wave experiences a homogeneous
continuous medium with its own effective material parameters. However, it should be
noted that the term metamaterial is frequently used to denote materials in which the
meta-atoms are of comparable sizes to the wavelength of the incident electromagnetic
wave and where the electromagnetic interactions between the meta-atoms play a key
role in determining the metamaterial’s response. Before reviewing some of the recent
research in the field of metamaterials, a brief historical perspective of the research that
played a pivotal role in the development of metamaterials is presented.
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2.2 A historical perspective of metamaterials
Electromagnetic waves were initially used as a probe to study the properties of crystals
in the 1800s and early 1900s, which resulted in valuable knowledge of the properties
of both the materials and the electromagnetic waves. This knowledge of wave-matter
interactions has been the basis for the development of a huge number of applications
too numerous to mention, ranging from display technologies to the internet, from radio
communication to Global Positioning Systems (GPS). The knowledge that the electric
response of a material can be altered by periodically including or substituting new
atoms in a host material may have existed beforehand, but the first of the works that
applied this knowledge for commercial use was the intentional doping of semiconduc-
tors to alter their electrical properties [1]. This is one of the notable examples of the
creation of a material with a previously unknown or unavailable response by combining
two materials with drastically different properties.
The journey of electromagnetics research towards the development of metamaterials
began more than a century ago. In the early 1900s, when it was popular practice to vi-
sualise wave phenomena through mechanical arrangements, Lamb [2] and Pocklington
[3] observed the wave propagation in simple one-dimensional systems such as a long
straight wire under the influence of a longitudinal force/thrust and even a stretched
out bicycle chain. Their research objective was to investigate the possibility of negative
group velocity. Their theoretical and experimental work along with Schuster’s work in
[4], showed that when the group velocity and the phase velocity have opposite signs in
a medium (when the medium is capable of sustaining backward waves), light incident
on the medium refracts negatively. Interestingly, they explored this possibility only out
of interest but were “doubtful” if the concept of a negative group velocity would serve
any application.
Much later, in 1968, Veselago published his detailed work on the study of wave
propagation in a medium with a negative refractive index [5]. He identified that in a
material with simultaneously negative values of dielectric permittivity and magnetic
permeability ( < 0, µ < 0) and hence a negative refractive index, the electric (E),
magnetic (H) and the wave (k) vectors of an electromagnetic wave all formed a left-
handed triplet. Therefore, the group and phase velocities were directed oppositely. This
is the reason that the negative index materials (NIMs) also popularly came to be known
as left-handed media (LHM) or backward-wave media. Veselago found that in such a
medium, an incident electromagnetic wave would refract negatively, resulting in the
inversion of Snell’s law. He also revealed that a NIM slab with parallel edges/surfaces
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Figure 2.1: A ray-optics representation of how light from a source point is focussed
by a thin slab of negative index material, as first suggested in [5].
could focus the radiation from a point source to a point focus, as if it were a lens (see
figure 2.1).
Developing a sub-wavelength imaging device had already been a priority, because
conventional lenses produced diffraction limited images, as Abbe showed much earlier
[6]. Though Veselago’s proposal was promising, a NIM did not occur in nature and the
challenge was to build one.
In the early 1960s, research had been conducted on an artificial material composite
with periodic inclusions of thin resistive metallic wires embedded in a dielectric such
as air, to simulate a neutral plasma and study the microwave propagation through the
ionosphere (see figure 2.2a) [7, 8]. Such a thin wire array (the plasma) exhibited a
negative effective permittivity (eff ) below a plasma frequency, as also shown much
later in [9, 10]. A similar artificial material which would exhibit a negative value of
effective permeability (µeff ) was not known in the 1960s and 70s.
Meanwhile, a different part of the research community was aiming to develop high
frequency sensing devices for Nuclear Magnetic Resonance (NMR) experiments, that
take advantage of the magnetic resonances of different atomic nuclei. Quite simply,
successful designs from these experiments would be employed to develop Magnetic Res-
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onance Imaging (MRI) machines, for medical applications. A unique geometry where
slits were added to a cylindrical sample tube allowed the excitation of a magnetic reso-
nance in the tube when the cylinder’s axis aligned to a superconducting magnet [11, 12].
This design is a predecessor to the current split-ring resonators. However, this idea was
identified and exploited only decades later.
(a) (b)
(c)
Figure 2.2: (a) Schematic of a wire array illuminated by an electromagnetic wave
with electric field polarised along the axis of the wires, (b) ‘Split rings’ used in the
experiments of [13], inset: a split-ring resonator sliced from the cylinder showing
instantaneous electric currents and inter-ring capacitive action, (c) The dispersion
relation of a SRR-wire composite medium - solid curves show SRR medium’s dispersion
alone, dashed curves show dispersion of the composite. Inset shows the orientation
of a unit cell with respect to the incident electromagnetic wave. (c) has been reused
with permission from [14].
Pendry et al. in [13] were studying the magnetic properties of arrays of cylinders
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(along the cylinders’ axial direction), similar to the ones explored in [7, 8]. The wire
array had a very weak effective magnetic response. The challenge was to design an effec-
tive medium that would also possess a negative effective magnetic permeability. Pendry
shaped each cylinder as two concentric single-split cylinders (called ‘split rings’), with
the splits positioned on opposite sides. The split-rings exhibited an enhanced effec-
tive magnetic permeability (µeff ) close to resonance, especially with negative values
just above the resonance. This modification widened the range of magnetic proper-
ties achievable by the wire array structure and was a first demonstration of magnetic
resonance in the GHz frequency range. The split-ring cylinders height was reduced
to make the split-ring resonator (SRR) as seen in figure 2.2b, a planar structure that
could easily be fabricated on substrates and arranged either in a plane or as a stack in
columns to form three-dimensional metamaterial structures.
It was only a matter of time before periodic arrays of thin wires and SRRs were
combined in an interspersed arrangement to produce a negative index material com-
posite, whose unit cell is shown in figure 2.2c [14, 15]. It is noteworthy that the word
“metamaterial” first appears in the 2000 work by Smith et al. [14]. The authors in [15]
demonstrated that their composite medium exhibited simultaneously negative values
of  and µ in a given frequency region. The dispersion curves in figure 2.2c show that
where the transmission of electromagnetic waves was prohibited in a frequency region
(a stopband) by just the SRR array (solid curves), a passband was shown to be cre-
ated permitting wave propagation by the SRR-wire combination (dashed curve). These
results were validated by further experimental demonstrations of negative refractive in-
dex in [16–20].
The dispersion characteristics of the NIMs as obtained by substitution of negative
material parameters [14] and using an equivalent circuit approach [21] both revealed
the existence of a negative dispersion passband that supports backward propagating
waves as predicted by Veselago in [5]. The equivalent circuit modelling of the NIM
in [21] further revealed that when the electromagnetic wave propagating in free space
and the SRR array were uncoupled (theoretically speaking), the SRR medium on its
own could act as a backward-wave medium without a negative index by virtue of the
magneto-inductive (MI) coupling between the SRRs. The MI waves were already a fa-
miliar concept by then [22, 23]. SRR-based MI wave devices have since paved the way
for the emergence of several interesting applications such as magneto-inductive waveg-
uides [23], magneto-inductive lenses for sub-wavelength focussing of electromagnetic
radiation [24, 25], and in general as wireless power transfer devices [26]. The theory of
magneto-inductive waves will be discussed in section 2.5.
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Metamaterials with their tailored electromagnetic responses have laid the founda-
tion for several sub-disciplines like invisibility cloaking through conformal mapping
[27–29], superlens to beat the diffraction limit and improve the resolution in imag-
ing [30–36], wireless power transfer applications [22, 23, 26, 37–39], and metamaterial
magnetic layered lenses for medical imaging [24, 25]. Several different meta-atom and
metamaterial designs have emerged to design NIMs, such as cut-wire pairs [40–42], fish-
net/stacked hole array structures [43–48], H-shaped resonators [49], and Ω resonator-
wire pair [50], to name a few. It is beyond the scope of this chapter to review every
NIM design/configuration. More comprehensive reviews of the chronological develop-
ment and general research in the area of electromagnetic metamaterials can be found
in the review articles in [51–56]. The stacked hole arrays will be discussed briefly in
chapter 6, because of their relevance. In the rest of this chapter, a theoretical back-
ground on SRR meta-atom design, electromagnetic properties of SRR meta-atoms, and
interactions between SRRs with a view to highlight their importance in metamaterial
design are provided.
2.3 Design and resonant response of a split-ring resonator
The first step in understanding the collective response of an effective medium is to un-
derstand the resonant response of its constituent building blocks - the meta-atoms. In
some early approximations, the response of a metamaterial was considered to be that of
a bulk-material like medium (or an ‘effective medium’) with its own effective material
parameters. Though this collective response was considered by ignoring inter-element
interactions, Gay-Balmaz et al. [57] discovered that the response of a metamaterial con-
sisting of SRRs is not determined solely by the response of the individual resonators,
but is also dependent on inter-element interactions, which in turn depend upon the
relative arrangement of the elements. The strength and range of this interaction de-
pends on the resonance frequency, lattice spacing and relative geometrical orientations
of the elements with respect to one another. The discussion will return to this topic
of coupling between resonators, in section 2.5. The design and resonant response of an
individual SRR is discussed next.
2.3.1 Approaches to designing a SRR
SRRs were one of the first metamaterial building blocks, the interactions of which were
studied widely by researchers. There are still many features in the nature of coupling
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in SRRs that are to be understood. The design for the very first SRRs used in meta-
materials (shown in figure 2.2b) is credited to the work by Pendry [13], as mentioned
in section 2.2. The design can be simplified further by detaching the two rings to make
two single-split single SRRs, which are themselves simple harmonic oscillators that have
also been widely studied [58–68]. It is meaningful to begin the discussion starting from
this elementary design. Figure 2.3a shows a simple schematic of a single-ring SRR with
its design parameters marked on it at the appropriate locations. Figure 2.3b shows
a single SRR’s instantaneous charge and current distributions and the corresponding
excited dipole moments at its fundamental resonance.
(a) (b)
Figure 2.3: (a) Schematic of a thick SRR analysed in [67]. R is the innner radius of
the ring, h and w the height and width of the ring, and g is the height of split-gap. θ
refers to the co-ordinate points on the SRR, with θg marking the co-ordinates of the
split-gap edges. (b) A simple representation of single SRR’s electric (red arrow) and
magnetic (blue arrow) dipole moments represented at its fundamental resonance. The
dipole moments are instantaneous but are not simultaneously at their peak strength.
The instantaneous charge and current distributions are also shown.
When the resonator is oriented in such a manner that the split of the ring is per-
pendicular to the electric field component (as seen in figure 2.3b), a potential difference
is created across the split. The electric field map in figure 2.4a shows a high concen-
tration of electric fields across the split-gap, in the SRR’s plane. The black arrows
show an instantaneous distribution of electric field around the SRR in response to an
electromagnetic excitation. The electric field response of the SRR is seen to comprise
of the electric field at the split-gap contributing to a gap capacitance, fringing electric
fields around the split-gap and between the inner surfaces of the SRR contributing to
a surface capacitance. The electric field is zero around the metallic region of the SRR
opposite to the split. Despite the strong electric field accumulation closer to the split-
11
2. Background
gap of the SRR, for simplicity the collective electric response of the SRR is represented
by an in-plane electric dipole moment (red arrow in figure 2.3b), positioned at its centre.
(a) (b)
Figure 2.4: (a) Plane view of the SRR with the colour map showing normalised
electric field norm. The black arrow arrow heads are vectors representing the instan-
taneous electric field distribution on the map. (b) A zx-plane perpendicular to the
plane of the SRR and dividing it equally through its split containing a colour map
showing normalised magnetic field norm. The black arrow arrow heads are vectors
representing the instantaneous magnetic field distribution in the chosen plane.
The presence of the split results in a harmonically changing charge distribution in
response to the time-varying electric field of the electromagnetic wave, which induces an
oscillating electric current in the SRR corresponding to the ring’s resonance frequency.
Figure 2.4b shows a colour map of the magnetic field (norm) plotted in an xz-plane
with respect to the co-ordinate system chosen in figure 2.3b, dividing the SRR equally
through its split. As seen from the colour map, the strength of the magnetic field is
the strongest closer to the metallic region of the SRR opposite to the split (left half
of figure 2.4b). The black arrows represent instantaneous magnetic field distribution
in the chosen plane, with the size of the arrows indicating the field strength. The in-
stantaneous field distribution also shows strong magnetic fields closer to the metallic
region of the SRR. Similar to the electric field representation, the collective out-of-plane
magnetic field strength of the SRR is represented by an effective out-of-plane magnetic
dipole moment (blue arrow in figure 2.3b), at the SRR’s centre. The magnetic dipole
moment of the SRR can also be directly excited by the magnetic field component of
the electromagnetic wave by suitably orienting the SRR. The electric dipole moment
will then be indirectly excited due to the charge accumulation in the vicinity of the
splits. This property whereby an electric field excites a magnetic response in the SRR
and vice-versa is called bianisotropy, and is the subject of discussion in section 2.3.2.
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The coupled-dipole approach to understanding electromagnetic coupling in metamate-
rials cannot be accurately quantitative and is instructive to understand the nature of
electromagnetic coupling between meta-atoms. Approaches in literature to analyses 1D
dipolar systems is discussed in section 2.4. Discussion on coupled-dipole approach to
analyse electromagnetic coupling in a SRR dimer qualitatively is presented in chapter 4.
The equivalent circuit approach has been favoured in literature to design SRRs.
The authors in reference [67] have derived an approximate expression for the resonance
frequency of the single split-ring structure in figure 2.3a. The single SRR structure is








where L and C are respectively the effective inductance and capacitance of the split-
ring. The inductance of the ring was calculated using formulas from [69] treating the
split-ring as a single loop of a coil. Capacitance is to be expected in the split-gap due
to charge separation, in the inner surface of the SRR, and also around the split-gap
due to the fringing fields. The total capacitance of the ring is the sum of the individual

























In equations (2.2) and (2.3), µ0 and 0 are the permeability and permittivity re-
spectively of free space, Rm is the radius of the ring measured at the centre of the
conductor, R is the inner ring radius, h the height of the cylinder, w the width of the
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ring, and g the height of the split-gap. C0 is the correction term to the capacitance
due to fringing fields, Csurf and Cgap the surface and gap capacitances respectively,
and Ctotal the total capacitance of the ring. These analytical expressions work well for
most values of the ring height h and width w. The authors observe that when the ring
width w and and the height h were made small simultaneously so that the resonance
wavelength and the circumference of the ring were comparable, the accuracy worsened.
These expressions hold well for SRRs with their fundamental resonance in the lower
GHz frequencies, and are also good qualitative descriptors that highlight the nature of
the capacitive and inductive effects in the SRRs.
The effect of the design parameters on the SRR’s resonance can be directly observed
by considering the equations (2.2) and (2.3). Any design changes that result in an in-
crease of inductance and/or capacitance of the SRR cause the resonance frequency
to reduce, in accordance with equation (2.1). For example, increasing the radius of
the SRR increases the effective path length of the electric current and therefore, the
resonance wavelength (resonance frequency decreases). Complementing this idea, the
radius terms R and Rm can seen to have a direct relationship with both L and C and
hence an inverse relationship with the resonance frequency f0. Similarly, the effect of
the width, split-gap and height of the SRR on the resonance frequency can also be un-
derstood through their relationship to L and C in equations (2.2) and (2.3). Detailed
analysis of the effects of tuning the design parameters on the resonance frequency can
be found in [61, 63, 65, 67, 70].
(a) (b)
Figure 2.5: Numerically calculated (a) current and (b) charge distribution across an
SRR at resonance. Reused with permission from [71].
The equivalent circuit approach is advantageous in designing metamaterial based
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devices for engineering applications. Using physical quantities like the resistance, in-
ductance and capacitance of the resonators helps quantify the system’s response in
terms of characteristic impedance that needs to be matched to couple energy into and
out of the device. The equivalent circuit approach helps reduce the metamaterial into a
transmission line, which for example, is beneficial to conceptualise and visualise meta-
material waveguides. Another approach to analyse a single SRR or coupled SRRs is in
terms of field distributions, determining analytical expressions or numerically computed
electric charge and current distributions on them. This approach has an advantage over
the equivalent circuit method in that it has better accuracy in accounting for the effect
of decaying near-fields of the coupled resonators on the strength of electromagnetic
coupling between them, which the circuit model does not include.
The authors in [72] give analytical expressions for the electric charge and current







for θ ≤ θg (2.4)










where the parameters h, w and R represent the same design parameters as in the
previous equations. V0 is the SRR’s input voltage. The parameter θ represents the
co-ordinates on the SRR, with ±θg specifically representing the co-ordinates of the
split-gap, as seen in figure 2.3a. The equations satisfy the continuity condition and
as per the boundary conditions, show a high magnitude of charge concentration and
vanishing electric currents at the splits. A slightly different treatment to the electric
current and charge distributions in the single SRR is given in [71], where the charge and
current distributions on a single-ring SRR are numerically calculated. Figure 2.5 shows
the instantaneous values of the numerically calculated charge and current distributions
on a SRR at its resonance [71]. The use of these charge and current distributions in the
calculation of coupling coefficients in coupled SRR systems is discussed in section 3.5.2.
Building back to the double-ring SRR [13], a close-up schematic is shown in figure
2.6a. In addition to the capacitance in the splits of the inner and the outer rings, there
is an inter-ring capacitance due to the interaction between separated unlike charges




Figure 2.6: (a) A close-up view of the schematic showing a SRR used in [13] with
instantaneous electric currents in the inner and the outer rings. Due to the strong inter-
ring capacitance, the electric currents in both rings are co-directional. The equivalent
circuit representation of the double-ring SRR shown in (a), reused with permission
from [73].
compute the resonance frequencies of this double-ring SRR was given by [73], which
is shown in figure 2.6b. Note that the symbol φ is used in the equivalent circuit
of figure 2.6b to denote the angular co-ordinates, instead of θ. The inner and the
outer rings are represented as two separate LC resonant circuits placed one within the
other, with the inter-ring capacitance introduced by capacitances connecting the two
LC circuits. The stronger the inter-ring capacitance, the higher the magnitude of the
electric current in the rings. Many different approaches have been followed to determine
an analytical formulation for this double ring, each with slightly different results. Key
works in this area to mention are equivalent circuit treatments in [13, 73, 74], and the
equivalent circuit treatment with polarisabilities accounted for by Sauviac et al. [75].
The fundamental resonance of this double-ring SRR is much lower in comparison to
those of the individual SRRs it comprises. The reduced resonance frequency (longer
wavelength) achievable by combinations of SRRs enables the design of highly sub-
wavelength resonators. Densely packing such resonators allows entry into a regime





A brief description of bianisotropy was presented in section 2.3.1 while describing the
fundamental resonance of a single-ring SRR. Bianisotropy can be defined as the excita-
tion of an electric (magnetic) dipole moment in the resonator in response to an applied
magnetic (electric) field. The constitutive relations describing a reciprocal bianisotropic
medium could be given by [76],
D = ¯ ·E− iα¯ ·H (2.6)
B = µ¯ ·H + iα¯T ·E (2.7)
where E and H are the electric and magnetic field strengths, D and B are the electric
and magnetic displacements, respectively. ¯ and µ¯ are the permittivity and perme-
ability tensors of the medium. α¯ is a Dyadic tensor denoting polarisability. From
equations (2.6) and (2.7), in an isotropic case ¯, µ¯ and α¯ are all scalar quantities [76].
In a bianisotropic media, the polarisability tensor describes the cross-polarisation ef-
fects i.e. polarisation of the magnetic field due to the electric field and vice versa.
Bianisotropy in SRRs became a topic of interest when the experimental observations
of the transmission and forbidden bands of the designed left-handed media could not
be matched completely by the theory that was proposed in the original work [13, 15].
It was realised that a more accurate description of the band features could be arrived
at when the bianisotropy of the SRRs in the medium, and its effect on the whole com-
posite structure, was carefully considered [58].
A detailed analytical treatment of Pendry’s double-ring SRR structure (from figure
2.6a) [13] was performed by the authors of [58]. They calculated the polarisabilities of
the SRR and found that there were non-vanishing cross-polarisation terms in the cal-
culated polarisabilities. This is attributed to the asymmetric placement of the splits in
the inner and outer rings. Some other works cite the lack of an inversion symmetry in
the meta-atom’s geometry as the reason for the presence of bianisotropy [77, 78]. The
cross-polarisation terms were found to be particularly strong around the resonance fre-
quencies. Determining the macroscopic characteristic parameters of the medium using
the calculated polarisabilities gave a better qualitative agreement with the analytical
results of the left-handed system in [15]. It should, however, be mentioned here that
the electromagnetic coupling of the individual resonant elements to their neighbours
was still assumed unimportant in the overall picture.
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Figure 2.7: Schematic of a modified split ring resonator (MSRR) proposed in [58]
as an alternative to the conventional bianisotropic SRR. The instantaneous electric
currents and the inter-ring capacitive effect is seen.
Bianisotropy was shown to be undesirable for designing NIMs in [58]. The large
positive values of electric polarisability and consequently also dielectric permittivity
resulting from the bianisotropy, can cancel out the negative dielectric permittivity of
the wire-medium in the SRR-wire interspersed arrangement, like the one in [15]. It will
be shown through the work in chapter 4 of this thesis that bianisotropy has undesirable
effects on inter-element coupling as well. In order to avoid bianisotropy, the authors
in [58] proposed an alternate SRR design, which is shown in figure 2.7. This struc-
ture called the Modified Split-Ring Resonator (MSRR) and later Broadside Coupled
Split-Ring Resonator (BC-SRR) [79], replaced the inner ring by a copy of the outer
ring, fabricated on the opposite side of the substrate. The rings shared a common axis
and were rotated by 180◦ relative to each other, as in the original bianisotropic de-
sign. The distributed capacitance between the rings allows the induced currents in the
rings to be coupled, but prevents cross-polarisation. The compact design offers the ad-
vantage of enabling the fabrication of a homogenised left-handed metamaterial medium.
Several other works also studied bianisotropy in the single-ring and double-ring
SRR geometries [62, 80–82], though they do not make any specific recommendations
to avoid bianisotropy. Zhou et al. made an observation that the SRR’s odd resonant
modes (fundamental mode, second higher order mode and so on - modes with odd
field symmetry) were prone to cross-polarisation, while the even modes (with even field
symmetry) allowed only electric polarisations to be excited [61].
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(a) (b) (c) (d) (e)
Figure 2.8: Schematics of the proposed non-bianisotropic split-ring structures to
eliminate cross-polarisation effects (a) Non-Bianisotropic SRR, (b) Double-slit SRR,
(c) Spiral resonator, (d) Double spiral resonator, reused with permission from [74]. (e)
Photograph of a labyrinth SRR, reused with permission from [83].
Further research on non-bianisotropic structures resulted in more compact solu-
tions [74, 84]. See figure 2.8 for schematics of the proposed structures. The non-
bianisotropic split-ring resonator (NB-SRR) as named by the authors in [74] (figure
2.8a) is only slightly different from a conventional double-ring SRR, where some of the
ring elements are rearranged to form a continuous loop like structure with 180◦ rota-
tion symmetry. While the cross-polarisation effects are completely eliminated in this
structure, the resonance frequency of the structure is still very close to that of a regular
SRR of similar size. The Double-slit SRR (DSRR) (figure 2.8b) is a non-bianisotropic
structure of comparable size to a normal SRR but offers twice the resonance frequency.
The symmetric slits (splits) on the two rings and the 90◦ relative rotation, result in
the net cancellation and suppression of the net electric dipole moment under magnetic
excitation. Similarly, when excited by the electric field component of an incident wave
(to excite higher order modes), the net magnetic dipole moment is suppressed.
The DSRR configuration was the base structure used in the labyrinth structure
shown in figure 2.8e. Two more outer rings were added to the design, with every ring
rotated by 90◦ with respect to its adjacent rings [83]. The two additional rings enable
the meta-atom to become more sub-wavelength by reducing its resonance frequency.
This is a consequence of the increased frequency separation between the fundamen-
tal resonances of the innermost and outermost split-rings. The last of the proposed
structures is the Spiral Resonator (SR), shown in figures 2.8c and 2.8d. The SR is
a single continuous spiral structure, in which the electric field is symmetrically dis-
tributed between the strips of the SR structures and hence a magnetic excitation does
not induce an electric dipole moment in the structure. Adding more spiral arms to
the structure as shown in figure 2.8d helps reduce the resonance frequency while still
maintaining the non-bianisotropy. Besides providing equivalent circuit models to each
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of these designs, the authors in [74] tested their non-bianisotropic nature under electro-
magnetic excitation in a rectangular waveguide. The short list of resonators discussed
here describe some of the possible basic variations in meta-atom geometry to achieve
non-bianisotropy and may be considered the basis set for many further design varia-
tions, which are not discussed here.
2.4 Coupled dipoles
Besides the analytical and numerical approaches to analysing coupled meta-atoms, a
coupled-dipole approach can also be used. While the earlier two are quantitative anal-
ysis methods, the coupled-dipole approach to analyse metamaterials is instructive and
can be employed as a toy model to gain understanding of the nature of coupling between
meta-atoms and how it could influence the coupling strength between them. Since both
the electric and magnetic interactions between SRRs involve the dipole moments of the
structures interacting with each other, a brief summary of the coupled-dipole picture
is presented first.
There are two possible orientations in which a pair of dipoles (electric or magnetic)
can be positioned with respect to each other, namely transverse and longitudinal, as
seen in figure 2.9. An oscillating dipole moment always has a resonance frequency as-
sociated with it. When two dipole moments are coupled, their combined oscillations
cause a splitting of the resonance frequency of the system into two branches - a low
frequency resonant mode (ω−) and a high frequency resonant mode (ω+). The rela-
tive orientation of the dipole moments determines whether a particular orientation is a
high-frequency or a low-frequency solution. See figure 2.9 showing the nature of dipole
interactions for transverse and longitudinal coupling.
In transverse coupling, the dipoles are coupled laterally as shown in the left part
of figure 2.9. When the transversely coupled dipole moments are aligned in the same
direction as shown in the top left (symmetrically), the dipoles experience a repulsive
force due to the adjacency of like poles/charges. More energy is required to main-
tain the charge distribution in this configuration, causing this dipole orientation to
be the higher frequency resonant mode. When the dipole moments are oriented anti-
symmetrically (pointing opposite to one another), the opposite effect occurs and the
dipoles are attracted to one another, which is why this orientation corresponds to the
lower frequency resonant mode. The condition is reversed when the dipole moments are
coupled longitudinally. The configuration with symmetric orientation of dipoles is the
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Figure 2.9: A schematic showing the splitting of the coupled modes of a pair of
dipoles for both transverse (left) and longitudinal (right) orientations of the dipole
moments. The magnitude of the frequency splitting is larger when the dipoles are
coupled longitudinally.
low frequency resonant mode and the anti-symmetric orientation of dipoles corresponds
to the high frequency resonant mode. The restoring forces experienced by the dipoles is
different for the transverse and the longitudinal coupled cases, resulting in the different
levels in the energy splitting of each case, as seen in figure 2.9. The coupling between
the dipoles is stronger in the longitudinal case [85].
The relative orientations of the dipoles plays a vital role in determining the nature
of dispersion relation in chains of multiple coupled dipoles. The works [86, 87] studying
electromagnetic energy transfer in nanoparticle chain arrays are of relevance to the
current discussion. The equation of motion from [86], that describes the problem of
coupled dipoles in this 1D system (modified to ignore damping terms due to electron
relaxation and radiation) is given by,
d2
dt2
pi,m = −ω20pi,m − γiω21(pi,m−1 + pi,m+1) (2.8)
where pi,m, represents the displacement of the m
th oscillator (its charges) in the chain
from its mean-position, where i represents the transverse or longitudinal orientation,
ω0 is the natural oscillation frequency of the dipole, ω1 represents the strength of inter-
action of each dipole with its neighbours (equal interaction with neighbours assumed
here due to periodicity), and γT = 1, γL = −2 is a constant according to the relative
dipole orientation. A propagating wave solution for this equation of motion, takes the
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Figure 2.10: Dispersion relation for the coupled transverse and longitudinal plas-
mon modes in a metal nanoparticle chain (in the inset). Solid curves include nearest-
neighbor interactions only, the dashed curves include next-nearest-neighbor interac-
tions, and the dotted curve include fifth-nearest-neighbor interactions. Reused with
permission from [86].
form
pi,m = Pi,0exp[−αmd+ i(ωt± kmd)] (2.9)
where Pi,0 represents the dipole moment of the very first oscillator in the chain (at m =
0), α represents the attenuation coefficient, k the propagation constant/wavevector, and
ω the angular frequency of the propagating wave. Notice in equation (2.9) that there
are two solutions: (ωt− kmd) where the phase and group velocities are along the same
direction corresponding to the positive dispersion of the nanoparticle chain, as shown in
figure 2.10, and (ωt+ kmd) has the phase and group velocities directed anti-parallel to
each other (backward-wave), and corresponds to the negative dispersion seen in figure
2.10. Assuming minimal attentuation, the simplified dispersion relation of the system
is given by
ω2 = ω20 + 2γiω
2
1cos(kd) (2.10)
From the corresponding dispersion curves plotted in figure 2.10, it can be observed
that the transversely and longitudinally coupled chains of dipoles exhibit negative and
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positive dispersions, respectively. Similar to the coupled dimer case, where it was ob-
served that the longitudinally coupled dipoles result in a broader energy splitting, the
bandwidth of the longitudinally coupled chain of dipoles (positive dispersion) is seen
to have a broader bandwidth than the transverse case, due to stronger inter-neighbour
interaction in the chain. A more detailed analysis of the relationship between the rela-
tive orientation of the coupled dipoles and the corresponding observed dispersion will
be discussed in chapters 5 and 6 of this thesis, on the topic of wideband metamaterial
waveguides.
2.5 Electromagnetic coupling between split-ring resonators
From the discussion in section 2.4, it was seen that changing the relative orientation and
position of dipoles with respect to each other can result in vastly different responses.
The discussions in the previous sections have shown that a SRR (bianisotropic in this
case) can be represented using both its electric and magnetic dipole moments, the
relative orientations and separation between SRRs can also result in different resonant
responses from the coupled system. In this section, the discussion on SRR interactions
is categorically divided according to planar coupled SRRs and axially coupled SRRs,
and extend the review to literature on chains of SRRs.
2.5.1 Planar coupling - SRR dimer
When two SRRs are arranged on the same plane, only a fraction of the magnetic energy
from one SRR reaches its neighbours. Therefore, the coupling strength is very weak in
planar coupled SRRs. When only one of the SRRs excited, as shown in figure 2.11a, the
magnetic field of the excited SRR loops through the centre of the second SRR, inducing
an electric current in the second SRR as well. The directions of the magnetic field at
the centres of the two SRRs is opposite, as observed in [23]. The mutual inductance
between the two SRRs is therefore considered to be negative.
In the same year as the publication of [23], the coupling between double-ring SRRs
was also studied by excitation inside a rectangular waveguide [57]. Hesmer et al. [88]
performed a more detailed experimental study on the strength of coupling between two
planar coupled SRRs under different relative orientations, the schematic of which is
shown in figure 2.11a. The black dots at the centre of the SRRs denote the axial point
about which each of the SRRs can be rotated in-plane, independent of each other. The
excited magnetic field of the first SRR and the induced magnetic field in the second
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SRR, both shown by solid blue lines, are anti-symmetrically oriented. However, two
resonant modes (corresponding to the symmetric and anti-symmetric dipole orienta-
tions) were observed in both the experiments and simulations of [88]. The electric fields
(solid red lines) excited at the capacitive split-gaps of the SRRs due to bianisotropy
also contribute to the electromagnetic coupling depending on the relative orientation
of the SRRs. This work was the first that explained how depending on the change in
relative orientation between the planar coupled SRRs, the nature of coupling can be
dominated by the magnetic and/or electric interactions. It was also identified in their
work that the splitting of the resonant modes was due to the coupling between the
SRRs, similar to the energy splitting in coupled dipoles.
(a)
(b)
Figure 2.11: (a) Schematic of the planar coupled SRR dimer studied in [88]. The
central axes of the two SRRs are shown by the black dots about which the SRRs can be
independently rotated relative to each other. An instantaneous magnetic field (solid
blue lines) excited in the first SRR (left) by a transmitting loop antenna induces a
magnetic response in the second SRR by looping through it. The solid red lines show
the instantaneous electric field excited at the split-gaps in response to the electric
currents in the SRRs. (b) Simulated transmittance and reflectance curves of a coupled
U-shaped SRR dimer with resonance frequencies in the THz frequency range (reused
with permission from [89]). Inset diagram shows the relative orientation of the U-
shaped SRRs.
The essence of the findings from [88] is as follows:
1. Irrespective of the relative arrangement, the electric and magnetic dipole moments
excited in the first SRR always induced both a symmetric and an anti-symmetric
configuration of dipole moments in the second SRR, giving rise to two coupled
resonances.
2. The relative orientation of the split positions of the two SRRs influenced how
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strongly the two SRRs were coupled to each other. When the rings were rotated
such that the splits of the rings were on the opposite sides, the magnetic cou-
pling between the SRRs dominated. When the SRRs were rotated such that the
splits were in immediate proximity, the strong electric and magnetic interactions
resulted in the strongest coupling and therefore, the strongest splitting between
observed resonant modes.
The magnetic coupling between SRRs in a plane was also studied in the THz regime
using U-shaped SRRs by Liu et al. [89]. The electric field interaction was deliberately
minimised by orienting the SRRs as shown in the inset of figure 2.11b. Under exci-
tation by normally incident radiation, the fields of the excited first SRR coupled to
the second inducing a “plasmon hybridisation”. Their plasmonic resonance frequencies
hybridise to form new symmetric and anti-symmetric states. Figure 2.11b shows the
simulated transmittance and reflectance curves for the inductively coupled SRRs. The
transverse symmetric and anti-symmetric electric current directions in the two SRRs
are also shown next to the observed resonant features. In the absence of electric inter-
actions, anti-symmetric and symmetric magnetic coupling result in the lower and the
higher frequency hybridised modes. This is in agreement with the preferred lower and
higher energy modes of the transverse symmetric and anti-symmetric coupled dipoles,
as shown in figure 2.9. Another notable work studying planar coupled SRRs is reference
[90], which studies in detail the strength of coupling as a function of changing relative
orientation and separation between SRRs. The general ideas conveyed by the work
have already been discussed here.
2.5.2 Axial coupling - SRR dimer
When SRRs are stacked one above the other such that they share a common axis,
there is an increased overlap of the fields of the two SRRs and therefore, an enhanced
interaction. A wide range of coupling strengths between the SRRs can be probed in
this configuration, since the distance between the two rings can be decreased until the
rings are practically in contact. The strength of the coupling should only get stronger
with decreasing separation distance, as one might expect from coupled-dipole theory.
The stronger interaction between the axially coupled rings results in stronger effective
dipole moments.
The SRR dimers in the axial coupling configuration have occasionally been referred
to as stereometamaterials because of their resemblance to stacked molecules in stereo-
chemistry, after the work by Liu et al. [91]. Upon excitation with an electromagnetic
wave, the strength of the electric dipole moment coupling between the SRRs in the
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Figure 2.12: Simulated transmittance for the case of two axially coupled SRRs,
with the second SRR rotated by 0◦, 90◦ and 180◦, shown from left to right. (Insets)
Relative orientation of the coupled SRRs with the green arrow indicating the direction
of electric field polarisation in incident radiation. Figures reused with permission from
[91]
pair changes depending on the relative rotation/twist angle. In axially coupled SRRs,
the three relative orientation angles of 0◦, 90◦, and 180◦ between the SRRs exhibit
unique cases of coupling, as shown in [91]. Figure 2.12 shows the simulated frequency
dependent transmission curves corresponding to these cases. The insets in each case
shows the corresponding orientation of the two SRRs relative to each other and to the
electric field polarisation in the incident radiation (shown by the green arrow).
As seen from figure 2.12, all the three cases show two resonant modes, which is a
clear indication of electromagnetic coupling between the SRRs. Changing the relative
orientation between the two SRRs changes the nature of the resonant modes and the
frequency splitting between them. This behaviour of varying coupling strength between
the SRRs as a function of their relative rotation angle has also been observed in [71,
92, 93]. A more detailed discussion on axially coupled SRR dimer will be presented in
chapter 4, where the electromagnetic interactions in an axially coupled SRR dimer are
analytically and experimentally characterised as a function of both relative orientation
and separation.
2.5.3 Magneto-inductive coupling and wave propagation in 1D meta-
materials
When the length of the coupled system is extended, i.e. when more SRRs are added
along a single direction to form a linear chain, they become of use in applications such
as magneto-inductive (MI) waveguides [22, 23], and wireless power transfer [26]. When
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the first SRR in the chain is excited, the harmonically varying electric currents in the
SRR give rise to correspondingly oscillating magnetic fields. The magnetic field of the
SRR drives electric currents in the neighbouring SRRs, thereby transferring energy
down the chain by virtue of the inductive coupling between the SRRs. The nature of
this ‘magneto-inductive’ wave propagation and their dispersion relations in both axially
coupled and planar coupled SRRs have been demonstrated in [22, 23, 94].












where ω is the angular frequency of the wave and ω0 is the resonance frequency of
each SRR, Q = ωL/R is the quality factor, i is the imaginary unit (not to be confused
with electric currents from the previously discussed works), κs = 2M/L is the coupling
coefficient between two SRRs (M being the mutual inductance between SRRs and
L the self-inductance of each SRR) that are separated by distance sa (a being the
distance between adjacent SRRs and s denoting the position of a SRR in the chain
containing ‘u’ coupled SRRs), and γ = ka+ ikp (once again not to be confused with the
constant γi used in the coupled-dipole dispersion equation), with ka the attenuation
coefficient and kp the wavevector of MI wave propagation, also called the phase constant.
Though conventionally, α and β are used to denote the attenuation and phase constant
respectively in literature, the same constants are used to denote the magnetic and
electric coupling coefficients in our work in chapter 4. Hence, the new symbols have
been suggested and used in the rest of the work with the motivation to avoid confusion.
If the system is assumed to be lossless (Q = ∞) and one limits the interactions to be






Comparing this equation with the dispersion equation for a 1D chain of coupled
dipoles from equation (2.10), one can appreciate the similarity between the two cases.
The dispersion in either case is described in terms of the oscillation frequency of each
resonator on its own, along with a coupling coefficient quantifying the strength of in-
teraction between neighbouring resonators. Similar to the constant γi in the 1D chain
of coupled dipoles that takes positive or negative values depending on relative dipole
orientation, the coupling coefficient κ in equation (2.12) takes a minus sign for trans-
versely coupled dipoles in planar resonators (−M) and a plus sign for the longitudinally
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coupled dipoles in the axially stacked resonators (+M). Plugging in some arbitrary
values for the terms in equation (2.12), such as nearest-neighbour separation a =10
mm, a frequency value of choice and coupling coefficient value of -0.1 for transverse MI
coupling and 0.1 for longitudinal coupling, helps visualising the nature of dispersion in
each case. The dispersion curves calculated using these values, for the transverse and
longitudinal MI systems are shown in figures 2.13a and 2.13b, respectively. The insets
show a section of a sample SRR chain in each case.
(a) (b)
Figure 2.13: Dispersion relations (ω−β) calculated for magneto-inductive (MI) waves
in (a) planar coupled and (b) axially coupled linear chains of SRRs. The separation
between SRRs was assumed to be a =10 mm, and the coupling parameter set at
κ = − 0.1 for the planar case and κ = 0.1 for the axial case. Insets show schematics
of the SRR layout corresponding to each of the cases.
The similarity of the two MI dispersion curves to the corresponding coupled-dipole
cases in figure 2.10 show that under certain cases of lattice arrangement when only
the nearest neighbour interactions are significant, the responses of a 1D metamate-
rial waveguide can be qualitatively described using a coupled-dipole approach. When
interactions among multiple neighbours are to be taken into account, and when the
inter-element interaction is quite strong due to dense metamaterial packing, near-field
effects and non-nearest neighbour coupling coefficients need to be included in the cal-
culation to improve accuracy. A 1D MI waveguide can be used to develop several
applications such as power dividers, power coupling lines, and delay lines, as suggested
in [23].
When a 2D planar arrangement of SRRs as shown by [96], was placed next to
another 2D or quasi-2D arrangement (mixture of planar and axial arrangements) of
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SRRs with a different resonance frequency from those in the first, MI waves underwent
refraction at their interface. When the second SRR medium’s lattice arrangement was
rotated with respect to the first such that its MI wavefront was rotated with respect
to that of the first medium, negative refraction was observed without the necessity for
a negative refractive index or backward-wave propagation. This important finding by
[96] was the first to be shown with SRR metamaterials, though Luo et al. in [97] had
already demonstrated it using photonic crystals.
The 1D treatment of MI waves can easily be extended to 2D and 3D by adding
more dimensions to the dispersion relation shown in equation (2.11). However, the
discussion of SRR interactions in 2D and 3D media are beyond the scope of this thesis.
Therefore, the reader is directed to works such as [23, 54] for more in-depth analyses
of 2D and 3D MI waves.
2.6 Electro-inductive coupling
The term electro-inductive (EI) coupling was first coined in [98], where the authors
proposed systems comprising the so-called complementary SRRs (CSRRs) where the
CSRRS were coupled to one another via capacitive (or electric) interactions.
2.6.1 Complementary resonators - duality and complementarity
In the discussion in section 2.2, it was mentioned that wire arrays behaved like plasma
and could be made to exhibit negative permittivity values at a suitable frequency. They
were natural choices for negative  media in several early designs of left-handed meta-
materials. Despite their effective contribution, there did not exist a more compact and
easily tunable electric counterpart to the SRRs. Falcone et al. used the concepts of
duality and complementarity [99–101] as dictated by Babinet’s principle to design a
new kind of resonator, called the complementary SRRs (CSRRs) [102], an example of
which is shown in figure 2.14. Babinet’s principle states that the diffraction pattern
created by a 2D object should be identical to that created by a hole in a screen, of the
same shape and size as the object. The amount of light diffracted by the two (the beam
intensity) would however, be different in each case. In Babinet’s principle, the electric
and magnetic fields in Maxwell’s equations are dual. Thus, if the field distribution of a
regular resonator such as a SRR is known, the electromagnetic field distribution of its
complementary structure can be worked out simply by interchanging the electric and
magnetic fields of the regular resonator.
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Figure 2.14: Schematic of a single-ring complementary SRR (CSRR) meta-atom
showing local out-of-plane electric (red arrows) and in-plane magnetic (blue arrows)
dipole moments on either side. The net dipole moment of the CSRR meta-atom is
zero.
A CSRR is realised by replacing the metallic portions of a SRR with air-gaps and
the air surrounding the SRR in its plane by metal, as if to create a negative image of
the SRR [102, 103]. The CSRR shown in figure 2.14 is the complementary counterpart
of the single-ring SRR that was shown in figure 2.3b. Consider also the cross-sections
of the single-SRR and its complementary SRR shown in figure 2.15. It can be seen that
the out-of-plane magnetic fields of the SRR are replaced by the out-of-plane electric
fields in the CSRR and vice-versa, due to complementarity. Note however from figures
2.14 and 2.15b that owing to the continuous metal screen in the CSRR, the out-of-plane
electric fields cannot be continuous across the boundary. Therefore, the direction of
the electric fields and consequently, that of the magnetic fields are opposite on either
side of the meta-atom. Note that although the magnetic field in the CSRR is dominant
in the split-regions (like the electric field of the SRR), there will still be magnetic field
lines at the centre of the meta-atom due to weak electric currents. This can be thought
of in parallel to the surface capacitance between the charges on the inner surface of the
split-ring, as discussed in section 2.3.1.
The effective local dipole moments of the CSRR meta-atom as seen from figure
2.14 can be represented by oppositely pointing arrows - out-of-plane electric dipole
moments shown by red arrows and in-plane magnetic dipole moments by blue arrows.
The local dipole moments on the top and bottom of a complementary resonator are
equal in strength and oppositely polarised. The CSRR meta-atom therefore, does not
have a net electric or magnetic dipole moment, but can be excited locally on either side




Figure 2.15: The electric (red lines) and magnetic (blue lines) field lines seen at the
cross-section through the centre of single-ring (a) SRR and (b) CSRR meta-atoms,
without a substrate. The solid grey lines indicate the metallic portions of the meta-
atoms. The duality between the fields of the SRR and CSRR are seen through their
interchanged positions.
meta-atoms through excited near-fields. The duality between the electric and magnetic
fields of SRRs and CSRRs is reflected in their effective material properties as well. The
negative magnetic permeability of the SRR is replaced by a negative electric permit-
tivity in a CSRR, close to its resonance frequency [102].
In the equivalent circuit approach to designing the CSRRs, the duality is imple-
mented by replacing every inductor in the circuit design of a SRR by a capacitor and
vice-versa [74, 102–104]. Circuit elements connected in series in the regular SRR’s cir-
cuit are replaced by their complementary elements connected in parallel and vice-versa.
For a single-ring SRR and its CSRR, switching the inductive and capacitive elements
results in the same LC resonant circuit. Ideally, this means that their fundamental
resonances should also occur at the same frequency. The inter-element coupling in
CSRRs, however, is visualised in terms of mutual capacitance which is complementary
to the mutual inductance between SRRs.
2.6.2 Axial and planar coupling in the complementary resonators
When a dual complementary counterpart to the SRR exists, it is only natural that a
complementary concept to the magneto-inductive coupling exists. The EI coupling in
a planar microstrip waveguide etched with CSRR patterns was first demonstrated in
[98]. The photograph of the EI CSRR waveguide used, is shown in figure 2.16. The
dispersion relation for the EI wave propagation was also provided in the work, which
(after using some new symbols for parameters to avoid confusions and rearranging) is
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Figure 2.16: Electro-inductive (EI) CSRR waveguide manufactured in microstrip
technology, used in [98] (reused with permission from [98]).






where κC = 2CM/CC denotes the coupling coefficient and is quite similar to the
magneto-inductive coupling term κ (= 2M/L) observed in equation (2.12). CM is
the mutual capacitance between CSRRs and CC the self-capacitance of each CSRR.
Irrespective of the axial or planar arrangement of the CSRRs, the EI wave propaga-
tion always has a negative dispersion [105]. Irrespective of the relative orientation of
neighbouring CSRRs, electric coupling arises due to the capacitive effect between the
CSRRs’ opposite charges. A negative mutual capacitance is not possible. Therefore,
equation (2.13) always describes a negative dispersion, with the passband’s bandwidth
determined by the strength of the coupling coefficient. The CSRR has been one of the
popular candidates for metamaterial based transmission-lines [106–108].
More works followed treating the CSRR chains and the concept of electro-inductive
waves from a different perspective [109, 110]. Reference [109] deals with metasurfaces
containing CSRR arrays which were used to spoof plasmon modes by confining elec-
tromagnetic energy to the surface on a subwavelength scale. The metasurfaces exhibit
a negative dispersive behaviour as a consequence of electro-inductive effects. The idea
of interaction among the CSRRs via the spoof plasmons was later extended into an
electro-inductive waveguide concept in [110]. A completely different idea to the waveg-
uiding was to alternatively stack 2D CSRR metasurfaces and 2D SRR metasurfaces
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[111]. This stacked 3D metamaterial device was shown to support ultraslow modes in
the microwave regime. This is a very useful concept for designing devices like spatial
delay lines. As interesting and novel the electro-inductive waves are, more research is
still being performed in the area to give way to more useful applications.
2.7 Summary
A historical outlook of the research in electromagnetism, leading to the birth of meta-
materials was provided. A comprehensive review of the literature on electromagnetic
interactions between split-ring resonators (SRRs) and complementary split-ring res-
onators (CSRRs) was presented. SRRs interact with each other via magneto-inductive
coupling and CSRRs via EI coupling. If the meta-atoms are bianisotropic, both electric
and magnetic fields participate. Magneto-inductive coupling can result in a positive
or a negative dispersive behaviour depending on if the relative meta-atom orientation
is axial or coplanar. On the other hand, EI coupling due to mutual capacitive effects







This chapter details the sample fabrication procedure, experimental equipment and
measurement techniques along with the numerical and analytical modelling techniques
used for the generation of the experimental and computational results presented in the
forthcoming chapters.
3.2 Sample fabrication
The samples fabricated for all the experiments in this thesis consist of patterned metal-
lic structures clad on rigid plastic substrates. The maximum dimensions of a single unit
in the samples measure on the millimetre scale. The base material for making these
samples are printed circuit board (PCB) laminates. These commercially available PCBs
are about the size of an A3 sheet of paper, with 35µm of copper electrodeposited on
one side of a plastic board as shown in figure 3.1a. The plastic boards are 1.5 mm
thick, supplied by Rogers Corporation and Isola group depending on the substrate’s
dielectric permittivity required for the specific study.
A single unit of each fabricated sample is a split-ring resonator (SRR) or a variation
of it, that has a curved geometry that is challenging to be realised accurately through
standard ‘print-and-etch’ techniques. The high resolution required for realising these
structures were achieved through photolithography using laser imaging done with the
in-house Durham Magneto Optics laser writer or the more sophisticated Laser Direct
Imaging (LDI) device of a local PCB manufacturer, Graphic PLC. The laser writer
is suitable for the batch fabrication of ten samples or fewer, given its high write time.
LDI is preferred for the fabrication of samples in their hundreds. The photolithography
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process is explained using the example of a 2D array of basic split-ring resonator shapes.
3.2.1 Photolithography
The different stages of sample fabrication using the photolithography procedure are
shown in figure 3.1. As a first step, the PCB laminate from figure 3.1a is coated with
a thin layer of positive photoresist, as shown in figure 3.1b. The positive photoresist
is sensitive to light and becomes soluble in a developer by exposure to a laser beam of
suitable wavelength. PCBs with side dimensions measuring about 10 cm or less can
easily be spin-coated with photoresist using a spinner. Larger PCBs require a photore-
sist film to be coated using heat rollers.
The strategy to realise the required split-ring shaped patterns through laser writing
is to shield the resist coated laminate with a photomask containing the target shapes.
The masking pattern is written directly onto the interfacing software. The laser beam is
raster scanned across the resist coated laminate skipping areas according to the mask-
ing pattern. The in-house laser writer employs a laser of wavelength 405 nm and spot
size 5 µm. The industrial LDI machine does a raster scan over an area of 610 mm ×
450 mm in 10 seconds with a resolution of 35 µm. Both device resolutions are at least
a hundred times finer than the smallest dimensions in the fabricated structures. The
exposed area of photoresist is readily soluble in a photoresist developer. Figure 3.1c
distinguishes the areas of photoresist using a lighter shade from the blocked patterns.
The exposed laminate is then washed in a bath of photoresist developer with a
gentle rocking motion for about 30 seconds to dissolve the photoresist. The laminate
is immediately transferred to a bath of de-ionised water and cleaned of any developer
liquid. Post-development, the laminate looks like that shown in figure 3.1d. The
developed laminate is immersed in a heated bath of Ferric Chloride etchant to strip
off the exposed copper. The portions of split-ring shaped photoresist along with the
metallic regions underneath them are retained as shown in figure 3.1e. The remaining
photoresist is then removed by wiping the surface with acetone solvent, leaving the






Figure 3.1: The steps involved in fabricating a 2D array of meta-atoms (split-ring
resonators have been picked as an example) using standard lithography. (a) A PCB
laminate with copper electrodeposited on one side, (b) PCB laminate uniformly coated
with a positive photoresist, (c) exposure of photoresist on the PCB to laser light via a
laser writer with pre-loaded patterns, (d) removal of exposed photoresist by cleaning
in a developer solution, (e) etching the developed PCB in a Ferric Chloride bath to
strip of exposed metal, (f) removal of photoresist by cleaning with acetone solvent.
3.3 Experimental equipment
3.3.1 Vector Network Analyzer
A Vector Network Analyzer (VNA) is a network analysing device used to characterises
a Device Under Test (DUT) by recording the amplitude and phase of the electromag-
netic signals reflected from and transmitted through the DUT, relative to the original
signal that was sent as input. For all measurements in this thesis, the MS4644A Anritsu
two-port VNA capable of generating AC signals in the frequency range of 10 MHz to
40 GHz was used.





Figure 3.2: (a) Schematic diagram of a Vector Network Analyzer (VNA) showing the
input and output signal processing blocks and a Device Under Test (DUT) connected
to the two ports of the VNA. (b) The S-parameters corresponding to the reflected and
transmitted signals from the DUT with the direction of propagation of each signal
shown by the black arrows. The calibration planes are set at the ends of the DUT.
ports connected to the DUT. The RF source in figure 3.2a constitutes a crystal os-
cillator, the spectral purity of which is maintained in a phase-locked loop by another
voltage controlled oscillator. Part of the input signal is split and stored as a reference
signal (in the reference circuit marked Ref. in figure 3.2a). This reference signal is
used to assess the returned signal’s strength and phase shift relative to the input sig-
nal. The signal detection (marked Meas. in figure 3.2a) at the receiving section of the
ports work on the heterodyne principle, where the incoming signal frequency is mixed
with a local oscillator signal to generate a low intermediate frequency (IF) signal. It
is to be noted that the amplitude and phase information are retained in the mixing
process and only the frequency of the signal is altered for digital signal processing and
data storage. The calibration planes mark the boundaries of the DUT. By default,
the calibration planes are set at the ports of the VNA, but by a prescribed calibration
procedure, they may be moved to the ends of the DUT, so that the connecting cables
are not part of the analysed system. The Anritsu VNA MS4644A has a noise floor level
of -110 dBm (1 ∗ 10−11 times) below an input power of 0.1 mW in the frequency range
of 10 MHz to 2.5 GHz [112]. In the same frequency range, the receiver dynamic range
(the difference between the maximum and minimum detectable signals) of the device
is 120 dB. With good calibration, the data recorded in the VNA would always have its
minimum detectable signal above the noise floor such that it is not lost.
The data in the VNA are in the polar form giving the linear amplitude and phase
of the recorded signals, which are stored as complex values called the scattering param-
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eters (S-parameters). The linear amplitude can be directly squared to determine the
signal power. The S-parameters are ratios of the recorded to the input signal strengths
at the VNA ports. They are represented by Smn with m representing the output port
and n representing the input port. A N-port VNA has N2 scattering parameters. Fig-
ure 3.2b shows the four S-parameters that are recorded by a two-port VNA, to fully
characterise the DUT. The VNA has an auto-reversing feature through which both
ports can almost simultaneously perform the function of an input and an output port
and all four S-parameters are almost simultaneously recorded [113]. The S11 and S22
(m = n) scattering parameters give the ratio of the incoming signal strength at the
ports to the outgoing signal strength from the same port. Similarly, the parameters S21
and S12 (m 6= n) give the ratio of the received signal strength at the output port to the
input signal strength from the other port. The relative transmitted or reflected power
from the DUT is obtained from ‖Smn‖2 with a minimum value of 0 and a maximum of 1.
With reference to the study of metamaterial systems, the DUT can be any of the
following: a metamaterial analysed by exposure to plane microwaves from a radio an-
tenna connected to the input port of the VNA and the scattered radiation collected
by another radio antenna at the VNA’s output port, or a closed measurement system
such as a waveguide filled with 1D metamaterials, or a metamaterial whose modes are
excited and probed at close range by near-field antennas. All kinds of DUT relevant to
the work in this thesis will be discussed in the subsequent sections of this chapter.
The VNA needs to be calibrated for experiments with the rectangular waveguide,
since the studied system needs to be accurately characterised based on the frequency
dependent reflection and transmission recorded at the ends of the waveguide. The cal-
ibration planes are set at the ends of the rectangular waveguide through TRL (Thru-
Reflect-Line) calibration, which is a 2-port calibration technique. In this technique,
two transmission measurements between the two ports (with a line of zero length and a
line with λ/4 electrical length, where λ is the wavelength corresponding to the waveg-
uide’s central frequency) and one reflection measurement (for each port with a highly
reflective surface) are performed to determine error co-efficients for the two ports and
compensate for them in the actual measurements [114].
In the experiments that employ near-field measurements, the information regarding
the strength of the frequency components in the DUT are directly extracted from the
measured data through Fourier transform. The key information needed for this process
is the strength and phase of the measured field components relative to each other as if
to create a field-map. Therefore the VNA does not need calibration to characterise this
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system. The section 3.5 briefly outlines the Fourier transform post-processing done on
the experimental data to construct a dispersion diagram for a tested metamaterial.
Figure 3.3: Cross-section of a coaxial cable showing the norm of electric field as a
colour map and black arrow heads representing the instantaneous magnetic field of
the Transverse Electromagnetic (TEM) coaxial mode, all computed in COMSOL. The
central metallic conductor and the outer metallic sheath (ground) are shown as grey
outlines. The colour bar shows the strength of the electric-field norm normalised to
the maximum value close to the central conductor. The field strengths of both the
field components are seen to be the strongest close to the central conductor, decaying
as the reciprocal of distance away from the centre.
3.3.2 Coaxial cables
The coaxial cables that connect the DUT to the VNA are waveguiding structures,
guiding the signal from the VNA to the DUT as transverse electromagnetic modes
(TEM). The coaxial cables have a central cylindrical conducting wire, in which an
electric current is driven at a range of frequencies. The central conductor is surrounded
by an outer metallic sheath that also serves as an electric ground for the inner conductor.
The gap between them is usually filled with a plastic dielectric and sometimes even air.
Figure 3.3 shows the cross-section of a coaxial cable, where the inner metallic conductor
and the outer metallic sheath are drawn in grey. The electric current driven in the
central conductor gives rise to electric field directed radially outward from the central
conductor to the outer metal sheath and a circular magnetic field around the central
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conductor. The fields associated with this TEM mode are also plotted in figure 3.3.
The distribution of the electric field’s magnitude across the coaxial cable’s cross-section,




where E is the complex electric field vector. The black arrowheads in the plot repre-
sent the direction of the instantaneous magnetic field. Naturally, the fields are stronger
closer to the central conductor and decay radially outward with an inverse relationship
to the distance from the central conductor.
3.3.3 Rectangular waveguide
Metamaterials are designed so as to interact readily with electromagnetic waves and
manipulate them. Their response stems from the nature of their constituent meta-
atoms. SRRs, for example, are highly scattering resonant elements that interact very
strongly with electromagnetic radiation close to their resonance frequency. In order to
characterise the electromagnetic interactions among multiple coupled SRRs mediated
by their near-fields as well as the radiated fields, closed measurement systems such
as rectangular waveguides offer a reliable means by capturing the energy scattered by
the analyses system with minimal losses. Rectangular waveguides have been widely
used by researchers for the analysis of meta-atoms and one-dimensional metamaterials
[74, 115–118].
Rectangular waveguides are hollow metallic structures that guide electromagnetic
waves. When placed between the two ports of the VNA as the DUT as shown in figure
3.2a, the VNA ideally records a 100% transmission of energy from the input port to
the output port and 0% in reflection at the input port, after calibration. By placing
the split-ring resonators inside the cavity of the rectangular waveguide, the energy re-
flected from and transmitted through them are collected at either ends of the waveguide
for analysis. By setting the VNA’s planes of calibration at the ends of the waveguide,
the waveguide channel together with the split-ring resonators inside it become the DUT.
The modes permitted by a rectangular waveguide are quite different from the coaxial
cable modes. Therefore, coaxial to WR137 waveguide adaptors are used to connect the
coaxial cables from the VNA to the waveguide for mode conversion. The rectangular
waveguide permits several propagating transverse electric and magnetic modes, each
of which has a cut-off frequency below which the electromagnetic transmission of that
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mode is prohibited through the waveguide. The cut-off frequency for the transverse












where c is the speed of light, a and b are the length and breadth of the rectangular
waveguide’s cross-section as marked in figure 3.4a, m and n can take positive integer
values or 0 denoting the number of half wavelengths of the mode’s field components
that can fit in the x and y directions (for axes see figure 3.4) [119]. m and n of a mode
are never simultaneously 0.
For the analyses in this thesis, the rectangular waveguide WR137 (as per the Elec-
tronic Industries Alliance) was chosen with dimensions, a = 34.9 mm and b = 15.8 mm.
Only the TE10 fundamental transverse electric mode of the waveguide is used for the
study, which is ideal for exciting the resonances in split-ring meta-atoms placed at the
centre of the waveguide cross-section. The propagating electromagnetic waves inside
the waveguide scatter off the coupled split-ring resonators and carry information about
their resonant response to both ends of the waveguide to be recorded by the VNA. From
equation (3.2), it is straightforward to determine that by setting m = 1, n = 0 and for
the given value of a, the cut-off frequency corresponds to the longest half-wavelength
that can fit across the horizontal cross-section of the waveguide. The cut-off frequency
of the TE10 mode is thus determined to be 4.3010 GHz. The commercial operational
frequency band of the fundamental mode is set between 5.85 GHz and 8.2 GHz (the
C-band according to IEEE standards) due to excessive absorptive losses within the
guide close to this cutoff. The next higher propagating mode in the waveguide is TE20
with its lower cut-off at 8.6 GHz.
The instantaneous electric and magnetic field distributions corresponding to the
TE10 fundamental mode at 6.5 GHz are shown in figures 3.4a and 3.4b, respectively.
As can be seen from the figures, the three field components associated with the fun-
damental waveguide mode TE10 are Ey, Hx and Hz. The y-component of the electric
field is strongest at the centre of the waveguide cross-section, gradually falling off sinu-
soidally to zero at the metallic side walls, as dictated by the boundary conditions. The
waveguide thus fits one half wave of the electric field component along the x-direction.
The field amplitude at a given instant varies sinusoidally along the z-direction, the
direction of wave propagation. The magnetic field strength as seen at the front face
of figure 3.4b is constant in the y-direction. The magnetic field at the centre of the




Figure 3.4: The electric (a) and magnetic (b) field distributions corresponding to
the TE10 fundamental propagating mode of the rectangular waveguide WR137, as
computed by finite element modelling software COMSOL at a frequency of 6.5 GHz.
The field quantities are instantaneous and the figures show instants in the phase cycle
when each of the field components is the strongest at the front face of the waveguide.
(a) The black arrows at the front face of the waveguide show the distribution and field
strength of the dominant Ey field component across the waveguide’s cross-section. The
xz-slice with the colour map at the centre of the waveguide shows the distribution of
the instantaneous Ey field component both across the waveguide and along the length
of it. The colour bar conveys the normalised Ey field strength. (b) The black arrows
on the front face show the instantaneous magnetic field strength across the waveguide’s
cross-section. The magnetic field distribution in the waveguide is best represented as
a vector plot on an xz-slice. The dominant field components of the TE10 fundamental
mode are Ey, Hx and Hz.
sinusoidally along the z-direction like the electric field component. The magnetic field
moving away from the centre towards the side walls is a combination of both Hx and
Hz components with the Hz being the dominant component at the walls. A SRR’s
orientation inside the waveguide can be suitably changed with respect to the field com-
ponents to excite it electrically or magnetically or as a combination of both [74].
The presence of the metallic boundaries causes the wavelength of the electromag-
netic wave to be longer inside the waveguide compared to its free-space wavelength.








where fc is the waveguide’s cut-off frequency from equation (3.2), f is the frequency of
the propagating mode, and λ0 is the free-space wavelength of the electromagnetic wave
[119]. From equation (3.3), one can verify that for a frequency below cut-off, the guide
wavelength is a purely imaginary number indicating exponentially decaying waves in
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the waveguide. For frequencies above cut-off, the waves have propagating nature. A
detailed mathematical treatment of the rectangular waveguide is presented later, in
section 3.7.1.
3.3.4 Near-field measurements
How strongly a metamaterial interacts with free-space radiation depends on the field
distribution associated with its resonant modes. Depending on the meta-atom’s geom-
etry, the symmetry of the field distribution associated with a mode may prevent its
excitation via radiation. Such a metamaterial is very weakly coupled to free-space elec-
tromagnetic radiation. The metamaterial then needs to be characterised alternatively
by near-field excitation and detection with the aid of near-field antennas and probes.
The near-field antennas are connected to the ends of the coaxial cables. The adaptors
interfacing the two are of coaxial type and conduct the TEM coaxial mode directly
to the near-field antennas. The near-field antennas serve as extensions to the coaxial
cables with their outer metallic sheath and the inner dielectric material stripped away.
The commercial coaxial cables and adaptors have a characteristic impedance of 50
Ω. The near-field antennas do not radiate as efficiently as most radio antennas, for
the following reasons: (1) the impedance mismatch between the coaxial channel and
free-space resulting in a failed mode conversion, (2) the dimensions of the antennas
being chosen are intentionally much smaller than the metamaterial dimensions such
that their resonance frequencies occur at much higher frequencies than the metama-
terial resonances. A near-field antenna driven by the VNA merely facilitates transfer
of energy into the highly localised fields of a single meta-atom in the metamaterial.
The exponentially decaying near-fields of these antennas couple to the near-fields of
the metamaterial, thereby exciting them or detecting their near-fields. However, they
also perturb the local field distribution by their presence, becoming a part of the DUT.
Since their resonance is significantly different from the metamaterial’s resonances, the
perturbation is insignificant while characterising the metamaterial’s response.
The exposed inner conductor of the coaxial adaptor is suitably modified to act as
an electric or a magnetic near-field source. The loop antenna is created by twisting
the central coaxial conductor to form a loop which is physically grounded to the outer
metal sheath. The alternating current driven in this closed metallic loop gives rise
to a magnetic dipole moment making it a magnetic near-field source. In the case of
the coaxial dipole probe, the outer sheath automatically acts as a ground plane to the





Figure 3.5: Schematic of a complementary split-ring resonator (CSRR) meta-atom
being excited by a loop antenna (a) and its near-field probed by a stripped coaxial
dipole antenna (c). (b) yz-slice through the centre of the loop antenna showing the
near-field excitation of the meta-atom’s resonant mode. The colour map represents the
normalised magnetic field norm and the black arrow heads are vectors representing
the instantaneous magnetic field distribution on the map. (c) yz-slice showing the
electric near-field of the meta-atom probed by the coaxial dipole’s tip. The colour
map shows the normalised electric field norm and the black arrow heads represent the
instantaneous electric field distribution on the map.
conductor is a half-wave dipole antenna. At the studied frequencies, which are much
lower than its resonance frequency, the coaxial dipole antenna merely acts as an elec-
tric near-field source. The polarisation of the electric field component below the coaxial
tip is tangential to the antenna and couples efficiently to the metamaterial’s electric
near-field that has the same polarisation.
To demonstrate the function of the near-field antennas, consider the example shown
in figure 3.5. Figures 3.5a and 3.5c show a close-up of a complementary split-ring res-
onator (CSRR) meta-atom excited by a loop antenna and its excited resonance being
detected via a coaxial dipole, respectively. The coaxial dipole here functions as a
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probe that collects the electric near-field. This situation is simulated through the fi-
nite element field solver in COMSOL Multiphysics, with the meta-atom’s fundamental
resonance being excited at 1.9 GHz. Two yz-planes (with dotted edges) are shown one
each in figures 3.5a and 3.5c through the coaxial antennas’ central conductors. Figures
3.5b and 3.5d show respectively the magnetic field distribution and the electric field
distribution in the cut-planes of figures 3.5a and 3.5c. The axes directions are also
marked for easy identification of the plot orientations with respect to figures 3.5a and
3.5c.
Figure 3.5b represents the yz-plane cutting through the loop antenna to the other
side of the plastic substrate containing the meta-atom in figure 3.5a. The metallic
boundaries are shown by solid grey lines while other boundaries such as the coaxial
end plane and the plastic substrate are marked with dotted grey lines. The colour
plot shows the normalised magnetic field strength in the cut-plane. The black arrow
heads show the direction of the instantaneous magnetic field in that plane, with their
sizes scaled according to field magnitude. The arrows show that the strongest mag-
netic field magnitude is seen to be at the centre of the loop, which is the position of
the loop antenna’s magnetic dipole. The magnetic dipole has a z-polarisation nor-
mal to the plane of the loop and the meta-atom. The position of the loop antenna is
adjusted with respect to the meta-atom for optimum coupling of the antenna’s mag-
netic near-field to the out-of-plane magnetic field component in the meta-atom. The
magnetic field strength as seen from the colour plot is strongly localised close to the
metal wire of the loop (grey circle) and at the edges of the metal strip in the meta-atom.
Figure 3.5d represents the yz-plane cutting through the coaxial detection probe into
the top portion of the meta-atom in figure 3.5c. The solid and dotted grey lines repre-
sent the same boundaries as in figure 3.5b. The colour plot here shows the normalised
electric field strength in the cut-plane. The black arrow heads show the direction of
the electric field, with their sizes scaled according to the field magnitude. The electric
field associated with the excited resonance in this example has a dominant electric field
contribution from the y-component of the field, as can be seen from the black arrows
of figure 3.5d. The strongest electric field localisation is at the edges of the meta-
atom’s metallic regions. A very strong near-field coupling is achieved by positioning
the probe tangential to the direction of polarisation of the meta-atom’s electric near-




3.4 Numerical simulations - Finite Element Method
Throughout this thesis, a numerical technique called the Finite Element Method (FEM)
is used to design and test the electromagnetic response of metamaterial systems, to
simulate experimental conditions and understand metamaterial systems better, and to
validate the experimental results. The commercial FEM software COMSOL Multi-
physics is used. COMSOL solves the time-harmonic electromagnetic wave equation by
implementing Maxwell’s equations depending on the material properties and the geom-
etry used in the models. It employs several boundary conditions to help describe the
geometric entities in the modelled system. A full description of COMSOL’s working is
beyond the scope of discussion in this thesis. The most relevant boundary conditions
of COMSOL used in the modelling of metamaterial systems in this thesis are discussed
in this section, followed by some brief comments on meshing.
3.4.1 Perfect Electric Conductor (PEC)
The microwave metamaterial systems that are analysed in this thesis have a high com-
position of metals. The metamaterials studied are metallic resonators that act as good
reflectors of (microwave) electromagnetic radiation, especially close to their resonance.
Metals are such good conductors at GHz frequencies, that an electromagnetic wave pen-
etrates only a very small distance into metals. This penetration distance is quantified
by the term skin depth and is a measure of how far the wave penetrates a conductor’s
surface before attenuating to 1/e times its original value [120]. At the GHz frequen-
cies, the skin depth of copper is as small as 2.07 µm at 1 GHz and 0.654 µm at 10
GHz, which are at least 10 times smaller than the thickness of the studied metallic
structures. The rectangular waveguide used for the experimental work in this thesis is
made of aluminium which has a skin depth of 2.59 µm at 1 GHz and 0.819 µm at 10
GHz. The large impedance mismatch with any bounding dielectric ensures that only a
small proportion of the fields exists within the metal. Therefore, a good approximation
can be achieved using the idealised perfect electric conductor (PEC) boundary condi-
tion in COMSOL, which models the metallic boundaries as lossless surfaces. The PEC
boundary condition sets the tangential component of the electric field to zero at the
boundary through
n×E = 0 (3.4)
where n is the unit vector normal to the boundary and E is any component of elec-
tric field tangential to the boundary. Figure 3.6a shows an example of a frequency
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domain COMSOL model that analyses the frequency dependent scattering parameters
(to compare to the experimental data recorded with a VNA) of a single SRR. The
PEC boundary condition has been applied to the four walls of the rectangular waveg-
uide. Metallic resonators, for example, a single SRR in figure 3.6a placed inside the
waveguide to be analysed are also chosen to be PEC boundaries.
(a)
(b)
Figure 3.6: (a) Schematic taken from a source driven COMSOL model to calcu-
late the reflectivity and transmissivity of a single SRR. The perfect electric conductor
(PEC) boundaries (waveguide walls and the SRR) are highlighted using a faint blue
colour. The input and output rectangular ports at the ends of the rectangular waveg-
uide are highlighted here by a light red colour. (b) Snapshot from a COMSOL eigen-
mode model to compute the eigenmode frequencies of a CSRR meta-atom resting on
a plastic substrate. The meta-atom is assigned a PEC boundary condition (dark blue
colour). The meta-atom is surrounded by a spherical scattering boundary highlighted
in light blue and a perfectly matched layer (PML), highlighted in grey. A section
of the spherical scattering boundary and the PML have been removed to reveal the
meta-atom at the centre.
3.4.2 Impedance Boundary Condition (IBC)
As mentioned above, the skin depth of metals at microwave frequencies are only a
few microns. Compared to the millimetre sized meta-atoms in this frequency regime,
the skin depth is quite small. In computations where the attenuation in the medium is
important, the perfect electric conductor is not the ideal choice of a boundary condition
for metals. Though there are electric currents flowing inside of the metal object, the
skin effect drives them to the surface. Therefore, for the purpose of modelling only the
surface electric currents are considered. The impedance boundary condition (IBC) is
used at boundaries where the skin depth is small, like metals at microwave frequencies.
The IBC allows to avoid modelling Maxwells equations in the interior of any metallic
objects by assuming that the currents flow entirely on the surface. The IBC can be
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employed when computing losses due to the metal’s finite conductivity.
3.4.3 Ports
A port in a FEM model is a boundary where the electromagnetic energy enters or
leaves the system. The example in figure 3.6a shows two rectangular ports set at the
ends of the rectangular waveguide. For simulations done for this thesis, the input
port is set to launch the TE10 mode of the waveguide and absorb the electromagnetic
energy that is reflected back by the resonator(s) into the TE10 waveguide mode. The
output port at the other end of the waveguide is a listener port, which collects the
electromagnetic energy in the TE10 mode that is transmitted through the resonator(s).
The ports support the calculation of S-parameters that can be compared to those
recorded experimentally using a VNA. In order to account for any energy scattered
by the resonators into higher order waveguide modes, an additional port that collects
higher order modes can be assigned to the same boundaries that act as the input
and output ports. In the example of figure 3.5, where a single CSRR meta-atom was
characterised using near-field coaxial type antennas, the input and output ports of
coaxial type were set at the ends of the coaxial cables that connected into the loop and
the coaxial dipole antennas, respectively.
3.4.4 Domain truncation
When the modelled system is closed such as a rectangular waveguide, the boundary
conditions that were discussed so far are sufficient. When a metamaterial is to be
modelled in free-space, an additional boundary needs to be defined around the mod-
elled system to truncate the infinitely large modelling domain to a finite one to be
solved using FEM. The truncated domain is a sufficiently accurate approximation of
free space. This outer boundary, where the scattering boundary condition (SBC) is ap-
plied, absorbs electromagnetic radiation scattered by the analysed system and is ideally
non-reflecting. In practice, the first-order scattering boundary in COMSOL is a good
absorber for normally incident radiation, partially reflecting for other incidence angles
and almost completely reflecting as an incoming wave approaches grazing incidence.
Figure 3.6b shows a snapshot from an eigenmode model (no ports required) in COM-
SOL where the eigenfrequencies of a CSRR meta-atom resting on a plastic substrate,
are computed. The most appropriate shape for the scattering boundary in this case is
a sphere, shown in light blue in the figure. The spherical scattering boundary is chosen
big enough (typically with a radius of the order of the meta-atom’s expected resonance
wavelength) so as not to perturb the meta-atom’s near-fields. An additional spherical
domain shown in grey in figure 3.6b, is included within the scattering boundary. While
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Figure 3.7: Snapshot from a COMSOL eigenmode model to compute the eigenmode
frequencies of a 1D periodic metamaterial medium constructed from CSRR meta-
atoms. The unit cell of the periodic medium is the meta-atom seen at the centre of
the model embedded in a substrate material (yellow). The meta-atom is surrounded
by a cylindrical scattering boundary highlighted in light blue. To simulate an infinitely
periodic medium in the z-direction, a periodic boundary condition is set up between
the circular source boundary at the front of the model and the circular destination
boundary (shown in pink) at the back.
not a boundary condition, this perfectly matched layer (PML) is a domain that acts
like an absorbing material for outgoing electromagnetic waves and any waves reflected
back from the scattering boundary. Only a SBC or a PML needs to be used in a COM-
SOL model, as they both serve the purpose of domain truncation and absorption of
scattered waves. However, neither of them are perfect absorbers. In models where it is
crucial to avoid perturbation due to scattered waves, both the SBC and the PML can
be used together as shown in figure 3.6b.
3.4.5 Periodic boundary condition - Floquet periodicity
Periodic boundary conditions are frequently used in the field of metamaterials for the
computation of eigenfrequencies or S-parameters in periodic media. Consider for ex-
ample, the snapshot from a COMSOL model shown in figure 3.7. The eigenmode
model simulates a 1D stacked metamaterial whose band structure is to be computed.
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The metamaterial structure is modelled using a Floquet-periodic boundary condition
on the circular boundaries at the front (transparent) and back (pink coloured) of the
meta-atom to simulate a periodic medium along the z-direction, as shown. The two
boundaries are identified as the source and destination boundaries and a Bloch-Floquet
periodicity is setup between the boundaries depending on the wavevector specified in
the model. Thus, the eigenfrequency-wavevector (ω− k) relationship of any supported
modes can be determined.
Figure 3.8: A meshing example showing a split-ring resonator on a small block of
substrate, meshed with tetrahedral elements. The density of meshing can be tailored
throughout the geometry according to the gradient of the fields.
3.4.6 Meshing
Once the model is constructed in COMSOL and all the appropriate boundary condi-
tions applied, the geometry is discretised into finite mesh elements (from where the
modelling method gets its name). Maxwell’s equations are solved at the nodes of the
mesh elements with the appropriate boundary conditions taken into account. Figure
3.8 shows a portion of the geometry from an eigenmode model to compute the eigenfre-
quencies of a split-ring resonator, meshed using tetrahedral elements. The rest of the
geometry would normally consist of a scattering boundary at least a single resonance
wavelength (expected fundamental resonance wavelength of the resonator) away, as
seen in figure 3.6b. The spherical medium surrounding the analysed resonator is also
meshed with tetrahedral mesh elements, but is not shown in figure 3.8. The accuracy
of the results can be improved by tailoring the mesh density throughout the model
geometry to include more mesh elements in regions of high field gradient. Discretis-
ing the geometry in FEM facilitates approximating the partial differential equations
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to be solved into a matrix form, which are then solved using matrix decomposition
algorithms. Refining the mesh through repeated convergence tests on the calculated
field parameters ensures that the solution has minimal error.
3.5 Fourier Transform and Reciprocal space
(a) (b)
(c)
Figure 3.9: The 1D Fourier transform of experimentally determined instantaneous
field profile at a given frequency of a 1D metamaterial in (a) gives the strength of
the frequency component as a function of wavevector in the metamaterial as shown in
(b). (c) Stacking these plots as a function of frequency helps construct the dispersion
diagram showing the ω − k relationship in the metamaterial.
In this thesis, chapters 5 and 6 deal with the design, fabrication and experimental
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characterisation of 1D metamaterials. The characterisation is performed using near-
field antennas which excite the near-field of the resonant modes in the metamaterial,
and probe the near-field to collect and construct a spatial field map. Figure 3.9a shows
a sample of an electric field map probed in the near-field of a 1D metamaterial for a
single frequency, where the real part of the instantaneous electric field amplitude is
plotted. The use of Fourier transform in signal processing is to analyse a small window
of a time varying signal to determine the frequency of the signal. In our experiments,
since the input frequency used to excite the metamaterials is known information, the
Fourier transform is applied to the spatial field maps like that shown in figure 3.9a. The
figure 3.9b shows the outcome of the Fourier transform applied on the finite window of
the 1D electric field map from figure 3.9a and a subsequent ‘fft-shift’ that centres the
origin with respect to the wavevectors in the reciprocal space. Repeating this process
as a function of frequency helps determine the dispersion relationship ω − k of the
analysed metamaterial, as shown in figure 3.9c. The wavevector along the x-axis of the
plot is labelled kz because the direction along the 1D metamaterial is treated as the
z-direction, a is the periodicity of the metamaterial. More specific discussion related
to these plots can be found in chapter 5.
The relationship between the spatial points at which the data is recorded and the
transformation into the reciprocal space is as follows: the real space co-ordinates in
which the data is recorded is given in a sequence as [0,∆x, · · · , (N − 1)∆x], where ∆x
is the resolution with which the data is collected in real space. (N − 1)∆x = L is the
total scan length, which is usually the length of the sample. These points are mapped
onto the reciprocal space as below,













∆x and ∆k =
2pi
L+∆x are the maximum wavevector (the Brillouin zone
boundary) and the resolution obtainable in wavevector in the reciprocal space as a
result of the Fourier transform, respectively. As can be seen, the resolution in real
space and that in k-space do not have a direct relationship. The length of the scan
determines the resolution in k-space. The Brillouin zone boundary is set at kmax =
pi
a ,
where a is the periodicity of the metamaterial or in other words the size of a single unit
cell in the metamaterial.
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As seen from figure 3.9b, the wavevector spans along both the positive and the neg-
ative directions. In real space, it indicates the directions along the length of the sample.
The two tall peaks seen mirrored in figure 3.9b are the strengths of the frequency com-
ponent analysed in the forward and the backward direction in the sample i.e. the signal
propagating in the metamaterial away from the source and the signal reflected back
from the end of the metamaterial. Two small peaks are visible close to the origin on the
plot, corresponding to a wavevector which falls on the light line. The small detected
signal at this frequency is a consequence of direct free-space interaction between the
source antenna and the probe. The advantage of using the Fourier transform is that
the frequency components due to the resonant mode of the metamaterial and that due
to the antennas are isolated. It is to be expected that the Fourier peaks seen in figure
3.9b would have finite width as a consequence of attenuation. However, it can also be
noticed that there are non-zero ripple like features at some of the other wavevectors.
This is a consequence of the effect called ‘spectral leakage’ [121, 122], where the Fast
Fourier Transform (FFT) of the MATLAB software treats the input signal as if it is a
small window of an infinitely repeating waveform. For a finite-sized analysed sample,
the FFT function repeats the recorded field map to treat it as an infinitely repeating
pattern. Therefore, the discontinuity created by ‘stitching’ the field values at the ends
of the sample results in a phenomenon called the ‘spectral leakage’, giving rise to peaks
at wavevectors that are not physically present in the analysed system. It can be seen
from figure 3.9c that these ripples are present at almost all the frequency components
and this is unavoidable due to the finiteness of the analysed metamaterial samples.
3.6 Attenuation in metamaterial waveguides
In chapters 5 and 6, new meta-atoms are proposed to develop novel metamaterial waveg-
uides. The physics of metamaterial waveguides based on magneto- and electro-inductive
coupling was discussed in the chapter 2 along with relevant background literature. In
chapter 5, we propose a meta-atom to use a building block for an ultra-wideband
metamaterial waveguide, that improves over current metamaterial waveguides in terms
of operational bandwidth. It would also be beneficial to estimate its attenuation to
compare its losses with other metamaterial waveguides. The metamaterial waveguide
in chapter 6 permits simultaneous forward and backward propagating waves via two
non-interfering resonances, in an overlapping frequency band. Even for this case, an
estimate of attenuation associated with the forward and backward propagating waves
is beneficial for tuning the metamaterial response suitably.
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Figure 3.10: A sample representation of a ω − k relationship is shown. The group
velocity of the dispersive mode can be calculated from its gradient. The group velocity
can also be related to the imaginary parts of the frequency (fim) and the wavevector
(kim) by determining the widths of the mode along the two axis directions.
Figure 3.10 is a rough representation of a dispersion plot showing the ω − k rela-
tionship of a negatively dispersive material. The plot can be considered to represent a
zoomed in section of the dispersion in figure 3.9c where the gradient of the dispersion is
linear. The phase velocity (νp) of the waves in the metamaterial medium is determined





where k representd the phase constant kp. The group velocity νg which represents the
velocity of power transfer in the metamaterial is given by the first differential of ω with





where for the purpose of estimating the group velocity, ∆ω and ∆k can be determined
directly from the dispersion as shown in figure 3.10. Interestingly, the loss/attenuation
in the medium can also be estimated from a similar relationship. As mentioned al-
ready, the x-axis in figure 3.10 comprises of real values of wavevector, which is the
phase constant kp discussed in chapter 2. It was also previously mentioned that the
propagation constant γ = ka + ikp, where ka is the attenuation. The magnitude of ka
has a direct relationship with how broad the mode is. In figure 3.10, the width of the
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observed mode along the x-axis direction is represented by kim which is nothing but ka.
The width along the y-axis direction is represented by ωim. Assuming that the data
points have been determined with a sufficiently high resolution to accurately portray
the widths of the resonant mode along the two axis directions, the group velocity can





While the value of ka (or kim) representing the attenuation should be directly cal-
culable from the experimentally constructed dispersion diagram, the finiteness of the
sample affects the minimum resolution achievable, as can be seen from the Fourier
transformed data in figure 3.9b. This prevents an accurate experimental determination
of the attenuation of the system. The lengths of the metamaterial samples demon-
strated are typically 300 mm or less. While this is sufficient to successfully characterise
and establish its dispersion with sufficient resolution as seen in figure 3.9c, it is difficult
to establish the attenuation in length scales of metres, as is conventionally done.
In this thesis, to estimate the attenuation of the metamaterial waveguides, an in-
direct modelling is approach is followed. The eigensolver in COMSOL Multiphysics
computes eigenvalues as complex quantities to express both the eigenfrequency and the
losses associated with it. The dielectric losses can be accounted for by including the loss
tangent values in the material properties. The perfect electric conductor boundaries
for the metals are replaced by impedance boundary conditions to add the appropriate
metal’s material properties and finite conductivity. Referring back to equation (3.8),
the group velocity is first calculated from the computed real values of frequency and
the phase constant. Once the imaginary part of the eigenfrequency is extracted from
the eigenmode solver, it is a straightforward step to determine ka. The expression used
to convert this ka from the units of m




= 4.343 ∗ ka[1/m] (3.10)
which is used in chapters 5 and 6 to convert the attenuation determined from the
numerical computation to the conventional unit of dB/m.
3.7 Analytical modelling
The analytical model that was developed to predict the resonance frequencies of a
coupled bianisotropic dimer analysed inside a rectangular waveguide is presented here.
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The analytical model is used in chapter 4 (section 4.4) where the electromagnetic in-
teractions in a pair of coupled split-ring resonators are studied.
3.7.1 Green’s function of a rectangular waveguide
The discussion on the fundamental propagating mode of the rectangular waveguide
along with the field profiles was presented in section 3.3.3. In this section, the deriva-
tion of the waveguide’s Green’s functions are presented. While characterising the field
interactions between resonators in the cavity of the waveguide theoretically, the first key
step is to derive the Green’s function of the medium in which the interactions take place.
The Green’s functions for studying electromagnetic interactions in free space have
been discussed in detail in many past works [71, 123]. The current discussion begins
from the free space Green’s function and proceeds to deriving it for the rectangular
waveguide, by imposing the appropriate boundary conditions. Let a scalar potential
φ and a vector potential A of the electromagnetic field be defined first, describing the
electrostatic interactions between electric charges and the dynamic interactions between
the electric currents of the resonators, respectively. In the Lorenz gauge, the scalar and
the vector potentials of the electromagnetic field satisfy the Helmholtz equation
[∇2 + k20]φ = −ρ(r)0[∇2 + k20]A = −µ0J(r) (3.11)








where the boundary is set at ∞, I is the unit tensor and k0 = ωc , with ω being the free
space angular frequency. Since the wave is confined inside a rectangular waveguide, the
boundary is deformed from infinity to the metallic walls of the rectangular waveguide.
Let the origin be set at one of the corners of the waveguide’s cross-section. The radiation
is confined to 0 < x < a, 0 < y < b and is infinitely extended in the z-direction. For
the directions of the axes, refer to figure 3.4. The walls of the waveguide are modelled
as Perfect Electric Conductors (PEC), so the continuity of the tangential component
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of the electric field across the boundary may be written as
n×E = 0 on the boundaries (3.13)
In terms of the vector potential in the Lorenz gauge
n× (k20A +∇(∇ ·A)) = 0 on the boundaries (3.14)
As a result of the isotropy of the dielectric and the rectangular geometry of the
waveguide, the Green’s tensor will be diagonal in Cartesian coordinates. Hence equation




















Such boundary value problems admit unique solutions. Therefore, since g satisfies
the same Helmholtz equation and the same boundary conditions as Gzz, they will be
the same, g = Gzz.
Applying these boundary conditions to the Helmholtz equation of the Green’s tensor
[∇2 + k20]Griri(r, r′) = −δ(r− r′) (3.16)
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1 m = 02 m > 0 (3.18)










and m and n are the same non-negative integers from equation (3.2), together de-
scribing the different modes that could be accommodated inside the waveguide. Here,
k0 =
ω
c is the free-space wave vector of the incident electromagnetic wave and ω is the
corresponding angular frequency. In the analytical model, ω uses the value of the SRRs’
natural resonance frequency. This is a natural choice because the strongest excitation
of the resonators by the electromagnetic wave and also by each other’s radiated fields
is achieved at their resonance frequency.
By substitution of numerical values for m and n into equation (3.19), it can be ver-
ified that in the specified commercial frequency band of the fundamental TE10 mode,
only m = 1, n = 0 gives a real value for the propagation constant. All other combina-
tions of m and n values result in exponentially decaying functions. The energy scattered
by the resonators is carried away by the propagating TE10 mode. However, the other
decaying modes should still be included in the calculations to accurately account for
near-field interactions between the resonators, especially at separations smaller than
the decay length of these modes. The summations in the expressions for tensor compo-
nents of the Green’s functions in equation (3.19) were calculated iteratively including
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the several waveguide modes in the frequency range of 4.5 GHz to 8.5 GHz where the
SRR dimer’s resonant properties were characterised. A test for convergence of the cal-
culated values was performed in every iteration with a strict tolerance (10−6). The
number of modes that needs to be included in the calculations varies as a function of
separation between the SRRs.
The charge and current density distributions that need to be input into the analyt-
ical model were computed using an eigenmode model in COMSOL Multiphysics. The
density of meshing used to compute these parameters also plays an important role in
determining the accuracy of the analytical model’s results. The smallest separation be-
tween two mesh nodes on a SRR should be smaller than the smallest separation between
SRRs for which the electromagnetic interaction strength is estimated. At inter-element
separations smaller than the diameter of each SRR, the prominent effects of near-field
interactions are accounted for by including as many higher order modes of the waveg-
uide as possible to obtain good convergence. For example, in the study of SRR dimers in
chapter 4, for the smallest inter-element separation of 0.5 mm between a pair of SRRs,
higher order modes up to m,n = 50, wherem = 0, 1, 2, · · · 50andn = 0, 1, 2, · · · 50 were
included to obtain good convergence.
3.7.2 Modelling of meta-atom interactions in the rectangular waveg-
uide
The near- and far-field interactions between a pair of SRRs need to be accurately ac-
counted for to understand the responses of the system for different separations. A
complete analytical model is developed to achieve this. The first step is to consider the
Lagrangian for a pair of identical lossless resonators, and a complete treatment for their
interactions in free space can be found in [71, 123, 124]; here the equations required to
implement the model are presented.
The interaction energies between a pair of identical conducting elements arising















where J and q are the current and charge density distributions of the fundamental
eigenmode of a single element (in this work, a single SRR within the waveguide), and
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G(r, r′) and g(r, r′) are the tensor Green’s and the scalar Green’s functions respectively,
which were derived in section 3.7.1. When i = j, these terms correspond to the self-
energies of a single element, and when i 6= j they correspond to mutual-energy terms.
The energy term WJ,ij is comparable to the inductive energy term in the equivalent
circuit approach in ref. [123] (self-inductance when i = j and mutual inductance when
i 6= j). Similarly, the energy term Wq,ij is comparable to the capacitive energy terms
(self-capacitance when i = j and mutual capacitance when i 6= j).
Since the Green’s functions for the rectangular waveguide were already derived in
the last sub-section, the resonance frequencies of the symmetric and anti-symmetric











where ω0 is the angular resonance frequency of a single SRR, and the magnetic (α) and
electric (β) interaction constants due to the current and charge distributions respec-










The J and q distributions of the fundamental eigenmode of a single SRR are needed
as input for this model. They were calculated using the eigensolver of Comsol Multi-
physics.
3.8 Summary
In this chapter, the fabrication procedure for the metamaterial samples, the experi-
mental equipment used to characterise them, and the modelling techniques that are
employed to validate, understand or predict the experimental results have been elabo-
rated. Photolithography is the quickest technique to fabricate the metamaterial sam-
ples used in the studies of this thesis. The experimental measurements are either
performed through closed radiative measurements in a rectangular waveguide or near-
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field measurements in free-space to construct a frequency dependent spatial field profile
of metamaterials. Analytical modelling is used to accurately predict the resonant mode
positions of coupled resonators and to understand the nature of field interactions be-
tween the resonators. Where analytical modelling is too tedious to employ or its scope
limited, FEM numerical technique is used, for example when spatial field profiles around






Split-ring resonators (SRRs) are a fundamental building block of many electromagnetic
metamaterials. Metamaterial composites made from SRRs exhibit an effective magnetic
permeability (µeff ) despite the SRRs themselves being made of non-magnetic materi-
als, at microwave frequencies they are usually metallic [13]. The effective permeability
can also be negative in a narrow frequency region close to the SRRs’ resonance, which
made them attractive choices to combine with thin wire arrays to create negative re-
fractive index metamaterials [15, 17, 125].
In many of the early works, the response of the metamaterial was assumed to be
independent of the interactions between the the individual meta-atoms, but this was
soon understood not to be the case. For example, Gay Balmaz et al. [57] discovered
in their research on the electromagnetic resonances of SRRs that the response of a
metamaterial medium consisting of such meta-atoms is not determined solely by the
response of the individual resonators, but is also greatly affected by the inter-element
interactions, which in turn depend upon the relative arrangement of the SRRs. Other
reports in this area include investigation of SRR pairs in planar and axial orientations
[88–93, 71, 126–128], the study of the properties of chains of SRRs arranged along a
common axis [22, 23, 129, 130], and several studies investigating interactions in two-
and three-dimensional arrays of SRRs [131–135]. These references are but a few notable
examples.
In constructing complex metamaterial systems, an understanding of the nature and
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strength of the interactions between the meta-atoms that make up the material is vital.
Although it is well known that the electromagnetic coupling strength between SRRs
depends on both their relative orientation and separation [57, 71, 88–93, 126–128], the
details of this interaction in both near- and far-field regimes has not been fully reported
before. The motivation for the study undertaken in this chapter is to provide a new
and full characterization by investigating the coupling between a pair of axially oriented
single-ring SRRs as a function of both their separation and relative orientation. The
approach in this work will be helpful in understanding the strength of interaction be-
tween any two SRRs in, for example, a 1D chain of SRRs and can readily be extended
to more complicated systems, where dense packing of meta-atoms may be important.
Single-ring SRRs exhibit bianisotropy, i.e. an incident electric field induces a mag-
netic dipole moment in addition to an electric dipole moment, and vice-versa [58].
Therefore, both electric and magnetic interactions must be considered. When the ad-
ditional degree of freedom arising from the relative orientation of the resonators, and
the effect of retardation when the distance between the SRRs becomes of the order
of the wavelength are also included, it quickly becomes apparent that this seemingly
simple system will exhibit quite a complex coupling landscape. An analytical model
that accounts for both the near-field interactions and the effect of phase retardation
is developed, allowing the prediction of the coupling strengths between arbitrarily ori-
ented and separated resonators. In the final section, the study is extended to multiple
axially coupled SRRs and the suitability of the rectangular waveguide to study such
systems is tested.
4.2 Resonant response of a single split-ring resonator
The single-ring SRR structure and its resonant response have been extensively dis-
cussed in the literature [58–68]. Figure 4.1a shows the simplest configuration of a SRR
that is used in this experimental study. In figure 4.1a, the orientation of the SRR
is chosen such that the electric field component of an incident electromagnetic wave
is polarised across the split. As a consequence of bianisotropy, an out-of-plane mag-
netic dipole moment is induced along with an electric dipole moment [58]. Such a
novel property where a magnetic response is derived from a naturally non-magnetic
structure, makes SRRs attractive for designing metamaterials with effective negative
permeability. Bianisotropy is not always an attractive property as was discussed in
chapter 2 (section 2.3.2), and researchers have generally avoided bianisotropy in their
designs where possible.
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(a) (b) (c) (d)
Figure 4.1: Schematic of a split-ring resonator oriented with respect to an inci-
dent electromagnetic wave such that its fundamental resonant mode is excited by (a)
the electric field component, (b) the magnetic field component, (c) the electric and
magnetic field components simultaneously. The corresponding induced electric and
magnetic dipole moments in the SRR are shown as the red and the blue arrows re-
spectively. The arrows are indicative only of the polarisations of the induced dipole
moments and not of their respective strengths or positions. The broken white arrow
on the SRR surface indicates the electric current that is induced in the SRR. (d)
Changing the orientation of the SRR with respect to just the electric field component
can facilitate the excitation of a higher order resonant mode, that lacks a magnetic
dipole moment.
Figure 4.1a represents the instantaneous charge and current distributions, and the
dipole moments corresponding to the fundamental resonance of the SRR. The electric
dipole moment is the strongest when the charges of opposite polarities accumulate at
the SRR’s split-ends. The magnetic dipole is at its strongest when the electrons flow
from one of the split-ends to the opposite split under the influence of the alternating
driving field, thus generating a strong electric current at the metallic region opposite
to the split. These occur at a phase difference pi/2. Thus, despite the dipolar rep-
resentation in figure 4.1a, the strength of the electric and magnetic field responses of
the SRR to electromagnetic radiation are not simultaneously at their peak strengths.
Since the greatest potential difference between the static charges occurs at the split,
the electric dipole moment tends to be localised around the split-region of the SRR.
Similarly, the magnetic dipole moment tends to be concentrated closer to the metallic
region of the SRR on the side opposite to the split, where the electric current builds
up to a maximum. For simplicity, the dipole representation in figure 4.1a is used in the
discussions on coupled SRR dimers.
The fundamental mode can also be excited if the magnetic field component of the
incoming wave is polarised normal to the plane of the SRR i.e. coinciding with the
SRR’s magnetic dipole moment, as shown in figure 4.1b. Naturally, the orientation of
the SRR can also be chosen such that the fundamental mode is simultaneously excited
by the electric and magnetic field components of the incident electromagnetic wave, as
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shown in figure 4.1c.
With the field orientation in figure 4.1a as reference, if the SRR is rotated about
its centre by 90◦ as shown in figure 4.1d, a higher order mode with a different charge
and current distribution is excited. Due to the symmetric orientation of the SRR
meta-atom with respect to the incident electric field, the induced electric currents are
symmetric preventing the excitation of an effective magnetic dipole. An electric dipole
moment is still excited in the SRR. The path length of the electric current is shorter
by approximately half than that in the fundamental mode, causing the frequency of
oscillation to be almost double that of the fundamental resonant mode. The analytical
model in this chapter which characterises the SRR dimer’s resonant response accounts
for only the interaction between the fundamental resonant modes of the SRRs, which
is found to provide results with sufficient accuracy. In the discussions that follow, the
term ‘resonance frequency’ refers simply to the fundamental resonance frequency. The
higher order mode is used in the discussion where applicable.
4.2.1 Design and fabrication
The resonance frequency of a single SRR is determined by the specific geometry of the
SRR. The SRR can be considered as a simple LC resonator where the capacitance arises
from charge separation across the split and the inductance arises from the circulating
currents in the ring, as was discussed in section 2.3.1 of chapter 2.
For the current analysis, the SRR was designed using the eigenmode solver in COM-
SOL Multiphysics. The design parameters of the SRR were chosen so as to give a
resonance frequency of 5.78 GHz. The low frequency cutoff of the TE10 mode for the
WR137 waveguide is 4.3 GHz but, due to excessive absorptive losses within the guide
close to this cutoff, the usable bandwidth is usually 5.35 to 8.2 GHz. The SRR’s de-
signed resonance frequency of 5.78 GHz maximises the frequency band over which the
coupled modes of the system could be observed. The response of the SRR on its own
and the SRR dimer system were measured across the full frequency range for which
the TE10 mode is the only mode supported by the waveguide. Each SRR was designed
to have an outer ring radius of 3.5 mm, a ring width of 370 µm, and a split-gap width
of 1 mm. The SRRs were fabricated from 1.6 mm thick Duroid 5880 dielectric sheets
clad with 20 µm of copper, from Rogers Corp. The relative permittivity of the Duroid
substrate, as taken from the data sheet, is 2.20 + 1.98 × 10−3i at 8 GHz. The sam-
ples were fabricated through the photolithography process using the Durham Magneto
Optics Laser Writer, as discussed in section 3.2.
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4.2.2 Experimental characterisation of a SRR’s resonant response
In order to characterise the electromagnetic responses starting from that of a single
SRR to the electromagnetic interactions among multiple coupled SRRs mediated by
their near-fields as well as the radiated fields, closed measurement systems such as
rectangular waveguides offer a reliable means by capturing the energy scattered by the
analyses system with minimal losses. Therefore, the experiments on the coupled SRRs
in this work are performed inside the rectangular waveguide WR137. The rectangular
waveguide facilitates the capture of all energy reflected from and transmitted through
the analysed system with minimal loss. The first logical step to study the coupled SRR
system is to begin by characterising a single SRR using the waveguide. The SRR can
either be excited by using the electric or magnetic field component of the waveguide’s
TE10 mode or as a combination of both, by suitably adjusting the orientation of the
SRR with respect to the field components [74].
(a) (b) (c)
Figure 4.2: Schematic of a split-ring resonator in a rectangular waveguide excited by
(a) the electric field component, (b) the magnetic field components and (c) both the
electric and magnetic field components of the TE10 waveguide mode. Symbols ‘a’ and
‘b’ in (a) denote the cross-sectional length and breadth of the rectangular waveguide.
Figure 4.2a shows a single SRR placed in the waveguide (with the top removed) such
that the electric field component of the TE10 mode excites its fundamental mode. The
recorded reflected and transmitted signals are used to produce the frequency dependent
transmissivity and reflectivity for this case, plotted as blue curves in figures 4.3a and
4.3b, respectively. It is observed from the blue curves that the resonance frequency of
the SRR is 5.78 GHz, as expected.
Figure 4.2b shows the SRR’s position changed with respect to the incident elec-
tromagnetic wave such that its split is in close proximity to the bottom metallic wall
of the waveguide. Only the magnetic field of the TE10 mode interacts with the SRR
and excites its fundamental mode. The electric field component excites the higher or-
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der mode at a higher frequency as shown in figure 4.1d which does not interfere with
the excitation of the fundamental resonance. The corresponding transmissivity and
reflectivity measured in this case are shown as the red curves in figures 4.3a and 4.3b,
respectively. The immediately notable features are the measured resonance at 5.72
GHz being lower than the expected resonance frequency and the narrow mode width
of the observed resonance. In this SRR orientation, owing to its bianisotropy, the SRR
dipole is excited at the split-region. However, the radiation channel for the electric
dipole is restricted, leaving only the magnetic dipole to scatter energy from the SRR.
Therefore, the width of the observed mode is narrower than for the previously observed
case. The method of excitation does not have any role to play in altering the resonance
frequency of the SRR. The only other factor that could account for this shift in recorded
resonance frequency is the close proximity of the SRR’s split to the top/bottom metal-
lic wall of the waveguide. An explanation for this observation is offered by using the
equivalent circuit (LC resonator) treatment of the SRR. The close proximity of the
metallic wall to the charge concentrated around the split region of the SRR causes an
increase in its gap capacitance and therefore a decrease in its resonance frequency [136].
(a) (b)
Figure 4.3: Experimentally recorded (a) Transmissivity and (b) Reflectivity of a
single SRR in the rectangular waveguide excited by the electric field component (blue
line), the magnetic field component (red line) and both the electric and magnetic field
components (black line) of the TE10 waveguide mode.
With the position of the SRR changed to that shown in figure 4.2c, the SRR’s
fundamental resonance could be simultaneously excited by both the electric and the
magnetic field. The corresponding recorded transmissivity and reflectivity are shown as
black curves in figures 4.3a and 4.3b, respectively. It can be noticed that the recorded
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resonance frequency in this case is 5.8 GHz, which is about 0.3% higher than the de-
sign resonance frequency of 5.78 GHz. Another immediately notable feature is the
marginally broader mode width in comparison to the case when the SRR was excited
only electrically. The slightly increased mode width can be related to the simultaneous
coupling of the electric and magnetic field components of the incident field to the SRR
exciting its resonance, thus two available radiation channels into which the energy can
be scattered by the SRR. The fractional increase in the resonance frequency can also
be attributed to the simultaneous electric and magnetic excitation of the SRR. The
small phase difference between the electric field exciting the SRR at its split and the
magnetic field exciting the SRR close the metallic region opposite to the split may
cause the resonance frequency to shift lightly. More importantly, in the phase cycle
of charge oscillation in the SRR, the instant of maximum charge concentration at the
split and the instant of maximum current in the metallic region opposite to the split
are pi/2 separated in phase. The restoration force of the charges will have to speed up
slightly compared to their natural value to balance the simultaneous excitation of the
electric current in the metallic region and a potential difference at the split, causing
the recorded resonance frequency also to be higher.
From figure 4.3, it can be observed that the absorptivity calculated from the reflec-
tivity and transmissivity data as (1-R-T) is non-zero i.e. the energy input to the system
does not go only into reflected and transmitted radiation. The sources of absorption in
this experimental measurement are as follows: 1) absorption in metal, 2) energy lost
into the decaying waveguide modes, and 3) absorption in the substrate.
1. In the discussion on perfect electric conductors in section 3.4, it was mentioned
that metals like copper typically have a penetration/skin depth of a few microns
in the studied microwave frequency range. The thickness of the metal layer used
to fabricate the SRRs is about 20 µm which is thicker than the skin depth in the
studied frequency range. Despite the meagre penetration depth, the portion of
the fields that do penetrate into the metal are absorbed. The waveguide’s metallic
walls also absorb a small fraction of the electromagnetic energy, though this loss
is as small as 5% when calibrated correctly.
2. Though a great fraction of energy scattered by the resonators in the waveguide
propagates via the fundamental TE10 waveguide mode, a small fraction is lost
into the decaying modes of the waveguide that are not permitted to propagate in
the studied frequency range.
3. Finally, the major contributing factor to the observed absorption of energy is
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the substrate that supports the SRR(s). It can be seen from the discussion
on fabrication in this chapter that the dielectric permittivity of the substrate
has a non-zero imaginary part, that represents the absorption in the substrate.
Especially around the resonance of the SRR, the strong electric field build-up
close to the split-gap subsequently penetrates the adjoining substrate where it is
absorbed.
Following the observations discussed in this section, the SRRs were excited only via
the electric field component of the waveguide mode for all subsequent experiments, so
as to keep the resonance frequency of each SRR unaffected by experimental factors.
4.3 Interactions in a SRR dimer - a coupled-dipole picture
To understand the nature of interactions between the SRRs of a coupled dimer,
a second identical SRR was subsequently introduced 2 mm behind the first and the
reflected and transmitted intensities were recorded for the two SRRs. The first SRR of
the pair was always oriented such that the electric field component of the TE10 mode
was polarised across the split. The second SRR was placed such that the substrates are
always facing outwards as shown in figure 4.4a. The second SRR was rotated about
its central axis with respect to the first, as shown in figure 4.4b and the reflected and
transmitted signals recorded for relative rotation angles of 0◦, 90◦ and 180◦. At this
separation (2 mm), the SRRs are coupled strongly to each other via their near fields.
If two identical SRRs are in close proximity along a common axis the eigenmode of
the single SRR will split into two new eigenmodes, one at a higher frequency and one
at a lower frequency than the original, in the same manner as coupled resonators in
other areas of physics. The coupling mechanisms in the SRR pair could be qualitatively
understood for the different relative orientation angles by using a simple dipole model.
In the simple case of two dipoles the strength of the coupling between the dipoles de-
pends upon their relative orientation and the coupling can be either longitudinal or
transverse in nature, as was discussed in section 2.4 of chapter 2. Please refer figure
2.9 for the schematic representation of coupled dipoles. Recalling the discussion on
coupled dipoles from chapter 2, the coupled modes whether longitudinal or transverse,
correspond to aligned or anti-aligned dipole moments. For transversely coupled dipoles,
the symmetric mode (aligned dipole moments) is the higher frequency solution and the
antisymmetric mode (anti-aligned dipole moments) is the lower frequency solution; for
longitudinally coupled dipoles this situation is reversed. It is known that for a given
separation, the frequency difference between the coupled modes is greater for longitu-
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(a)
(b)
Figure 4.4: (a) A schematic of the experimental setup showing the SRR pair within
the rectangular waveguide with the lid removed. The substrates, shown as translucent
blocks, face outwards in the experiment such that the only medium between the SRRs
is air. The black arrow shows the direction of propagation, ~k, of the TE10 mode whilst
the green and blue arrows indicate the orientation of the electric and magnetic fields of
the mode, respectively. The length and breadth of the cross-section of the waveguide
are a and b respectively. (b) The axially oriented SRR pair with a separation d and
relative orientation θ.
dinally coupled dipoles than for transversely coupled dipoles [85]. In figure 4.1, it was
shown that the electric and magnetic dipole moments of a single SRR’s fundamental
mode are orthogonal to each other. The coupling between a pair of axially oriented
SRRs via their electric dipole moments will therefore be transverse in nature, while the
coupling via their magnetic dipole moments will be longitudinal.
The reflection and transmission spectra for the three relative rotation angles of 0◦,
90◦, and 180◦ are shown in figure 4.5. To explain the features in the spectra for the
three relative rotations of the two SRRs, the relative orientations of the electric and
magnetic dipole moments for each case is shown in figure 4.6. The first case considered
is the pair of SRRs with a 0◦ rotation between them (figures 4.6a and 4.6b). Since the
electric dipole moments are transversely coupled and the magnetic dipole moments are
longitudinally coupled, when the electric dipole moments are aligned (anti-aligned) and
thus raise (lower) the mode’s energy, the associated coupling via the magnetic moments
acts to counter these changes (this can be seen by comparing figures 4.6a and 4.6b with
figure 2.9). Thus the frequency splitting between ω+ and ω− can be expected to be
smaller than would be the case were it due to coupling via the electric or magnetic
dipole moments alone.
The strength of radiative coupling to the modes, and the relative strength of the
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(a) (b)
(c)
Figure 4.5: Reflection and transmission spectra for a single SRR (a), and a pair
of SRRs oriented with relative rotation angles of 0◦ (b), 180◦ (c) and 90◦ (d) when
separated by a distance of 2 mm. The ω− and ω+ labels indicate the lower- and
higher-frequency coupled modes respectively. Insets: schematics showing the relative
orientations of the SRR pair and the incident electromagnetic wave.
coupling between the SRRs via the electric and magnetic dipole moments, can also be
understood in a similar way. In this geometry, only the electric field of the incident
radiation can excite the SRRs (the magnetic field is orthogonal to the magnetic dipole
moments) so that only the net electric dipole moment of the SRR pair needs to be
considered; if this is large then there will be strong coupling to radiation and a broad
resonance will be observed, while if it is weak a narrow resonance will be observed.
Thus the ω+ mode (narrow) can be recognised as having anti-aligned electric dipole
moments (figure 4.6b), and the ω− mode (broad) as having aligned electric dipole mo-
ments (figure 4.6a). By comparison with figure 2.9 it can also be identified that the
coupling between the SRRs via the magnetic dipole moments must be greater for this
separation than coupling via the electric dipole moments.
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(a) (c) (e)
(b) (d) (f)
Figure 4.6: The relative orientations of the transversely coupled electric dipole mo-
ments, and longitudinally coupled magnetic dipole moments, in the coupled SRR pairs
for relative rotations of 0◦ ((a) and (b)), 180◦ ((c) and (d)) and 90◦ ((e) and (f)).
When the second SRR in the pair is rotated such that θ = 180◦, the currents cir-
culating around the second ring are reversed relative to the 0◦ rotated system for both
coupled modes (figures 4.6c and 4.6d). By referring to figure 2.9 it can be seen that
the coupling between the SRRs via the electric dipole moments and the coupling via
the associated magnetic dipole moments will act in concert; this results in a larger fre-
quency splitting between the modes. The net electric dipole moment for the modes will
be approximately the same as for the 0◦ rotated system, resulting in modes of similar
widths, but, importantly, it is now the ω− mode which is narrow and has anti-aligned
electric dipole moments, while the ω+ mode is broad.
The electric dipole moment corresponding to the fundamental mode of the single
SRR is always polarised in the direction across the split gap as shown in figure 4.1.
Therefore, for the final case, when the relative orientation angle between the SRRs is
θ = 90◦, the electric dipole moments of the two SRRs are orthogonal to each other
so that the coupling between the SRRs is purely via their magnetic dipole moments
(figures 4.6e and 4.6f). Since there is no coupling via the electric dipole moments, the
size of the frequency splitting could be expected to lie somewhere between that of the
θ = 0◦ and θ = 180◦ cases, which can be seen from the data. Since the electric field
of the incident radiation is aligned only with the electric dipole moment of the first
SRR in the pair, the net electric dipole moment of the SRRs will be the same for both
coupled modes, and their widths will be approximately equal, again, as observed.
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4.4 Characterisation of near-field interactions and retar-
dation induced field interactions in the axially coupled
SRR dimer
In this section, the coupled modes of a pair of axially oriented SRRs are studied as a
function of orientation and separation. Reflection R and transmission T spectra were
experimentally recorded as described in section 4.2, for relative orientations of 0◦, 90◦,
and 180◦ as a function of the separation between the SRRs. Absorption spectra were
calculated (using 1−R− T ) and are shown in figure 4.7.
The necessary expressions for calculating the rectangular waveguide’s Green’s func-
tion, the coupling coefficients due to the charge and current interactions between a pair
of resonators and the resonant modes of the coupled dimer were described in detail
in sections 3.7.1 and 3.7.2 of chapter 3. The resonance frequencies of the symmetric
and anti-symmetric modes of the coupled SRR dimer as a function of separation and











where ω0 is the angular resonance frequency of a single SRR, and the magnetic (α) and
electric (β) interaction constants due to the current and charge distributions, respec-
tively.
The real parts of the coupling coefficients α and β quantify the strength of cou-
pling between the SRRs due to the current distributions (the electrodynamic contribu-
tion), and the charge distributions (the electrostatic contribution), respectively. The
imaginary parts of the coupling coefficients represent damping and are important for
predicting the line shapes of the resonant modes. Since the purpose of the analytical
model in relation to this study is to predict the resonant mode positions and quantify
the coupling strength, it was sufficient to use only the real parts. In figure 4.8 the real
parts of the coupling coefficients α and β as obtained from the model are plotted.
The three different data sets shown in figure 4.7 exhibit some common features.
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(a) (b) (c)
Figure 4.7: The absorption by the SRR pair as calculated from the measured reflec-
tion and transmission spectra plotted on a colour scale (see colour bar) as a function
of the separation between the SRRs, for relative rotation angles of (a) 0◦, (b) 180◦
and (c) 90◦. The black circles indicate the position of the anti-symmetric resonant
mode and the black triangles represent the symmetric resonant mode of the systems
as predicted by the analytic model.
There is a consistently observed absorptive feature at about 5.3 GHz in all three exper-
imental cases in figure 4.7, independent of the coupled SRR resonances. This feature
could be an experimental artifact introduced by minor errors in the waveguide cali-
bration. The length of the waveguide used (200 mm) is roughly an integral multiple
of a propagating wave’s wavelength in the waveguide at 5.3 GHz (97 mm). Minor
calibration errors would result in weak reflections between the ends of the waveguide,
resulting in such cavity-reflection artifacts. As for similarities in the observed experi-
mental features, for separations above ∼5 mm the modes are only weakly dependent
on separation while for small separations the mode frequencies diverge. Attention is
first paid to the large separation data.
For both θ = 0◦ and θ = 180◦, when the separation is greater than ∼20 mm very
similar behavior is exhibited; in this regime near-field interactions between the SRRs
are absent. The analytical model predicts the presence of the antisymmetric mode
between 15 and 40 mm despite the mode not being visible in the experimental data.
The mode may not be visible because of its poor coupling to the incident radiation at
these separations, but it is still an eigenmode of the system and is predicted by the
analytical model. From equation (4.1) it can be seen that when the coupling coefficients
are comparable the resonant modes become degenerate, while when these coefficients
are markedly different the splitting is strong. At these large separations the interaction
is mediated solely by the propagating field in the waveguide, and this interaction will
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(a) (b) (c)
Figure 4.8: The coupling coefficients between the SRRs arising due to the currents
(α) and electric charges (β) for relative rotation angles of (a) 0◦, (b) 180◦ and (c) 90◦,
as a function of SRR separation. The blue curves represent the real part of α and the
red curves that of β in all three figures, plotted from a SRR separation of 0.5 mm up
to 50 mm in steps of 0.5 mm.
oscillate as a function of separation, with a period corresponding to the wavelength
within the waveguide, i.e., in this regime the interaction is retarded.
When θ = 90◦ things are somewhat different. From figures 4.7c and 4.8c, the
resonant modes of the SRR pair are degenerate and take the same frequency as the
resonance frequency of an individual SRR. The lack of any oscillatory behavior similar
to that in the θ = 0◦ and θ = 180◦ cases results from the electric dipole moments of
the individual rings being orthogonal (the electric polarisation of the fields radiated by
the first SRR cannot excite the electric dipole moment of the second SRR). In essence,
the effect of retardation has been switched off in this geometry so that any interactions
may only occur via the near fields.
The focus of discussion is next shifted to the small separation regime. When θ = 0◦,
the near-field coupling mediated via the charge and current distributions conflict each
other (the values of α and β have the same sign), see figure 4.8a. This is due to the elec-
tric dipole moments and the magnetic dipole moments of the SRRs both being aligned
or anti-aligned (figures 4.6a and 4.6b), and results in a relatively small frequency split-
ting. It is also noted that at small separations the magnitude of α is greater than
that of β indicating that the coupling strength between the SRRs due to the magnetic
dipole moments is greater than that due to the electric dipole moments, confirming
the prediction in section 4.3. This, coupled with the fact that for this orientation, the
near-field contribution to α has the opposite sign to the radiative contribution, results
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in a crossing in the values of α and β, and a corresponding mode crossing in figure 4.7a
at a separation of approximately 6 mm.
When θ = 180◦, the near-field contributions to α reverse their sign relative to the
θ = 0◦ case. The near-field coupling mediated via the charge and current distributions
act in concert (the values of α and β have opposite signs), see figure 4.8b. Physically,
as described in section 4.3, this difference in sign arises due to the difference in relative
alignment of the electric and magnetic dipole moments (figures 4.6c and 4.6d). Since
the coupling via the electric dipole moments is transverse in nature, while that of the
magnetic dipole moments is longitudinal, this results in a significant splitting of the
resonant modes. It is also noted that the contribution to α arising from near-field in-
teractions has the same sign as that of the radiative contribution, and there is thus no
frequency crossing of the coupled modes at these small separations.
Lastly, for θ = 90◦, the dipole model discussed in section 4.3 predicts the SRR
interaction to be mediated only via the magnetic fields due to the orthogonal electric
dipole moments of the two SRRs. However, it is noted from figure 4.8c that the
electrostatic interaction is not completely absent at very close proximity. The coupled-
dipole model does not account for such near-field effects. The interaction in this case
is mediated only by the decaying near fields, with the value of β too small to play a
deciding role in the overall coupling. The extent of the mode splitting in the near-field
regime is thus dominated by the fields arising from the currents oscillating around the
SRRs.
4.5 Resonant response in a 1D chain of axially coupled
split-ring resonators
The experimental and analytical analysis of the SRR dimer led to understanding the
nature of the resonances in the dimer. As a next step, the study is extended to a 1D
chain of axially coupled SRRs in the waveguide. However, there were a few important
factors to consider before analysing the coupled SRR chain.
In the experiments from sections 4.3 and 4.4, the SRR placement was carefully
chosen such that the dielectric between the SRRs was just air. This arrangement sim-
plified the analysis by excluding the effect of the dielectric substrates in the calculation
of the coupling coefficients. However, in the case of a chain of SRRs, it is unavoidable
that the gap between SRRs contains just dielectric or a combination of air and di-
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electric, as seen in figure 4.9a. Figures 4.9b-4.9f show the absorption determined from
experiments for 2 to 6 coupled SRRs in the frequency range 4.5 GHz (close to lower
waveguide cut-off) - 6 GHz. Each subsequent figure corresponds to one SRR added to





Figure 4.9: (a) Schematic showing a short 1D axial chain of SRRs (θ = 0◦) in the
rectangular waveguide, with d being the separation between the edges of adjacent
substrates. Experimental absorption for (b) 2, (c) 3, (d) 4, (e) 5, and (f) 6 coupled
SRRs in the waveguide with a separation of 0.5 mm between substrate edges and
relative orientation of 0◦.
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As seen from figure 4.9, the frequency range of the coupled resonant modes expands
with the addition of more SRRs to the chain. This gradual increase in frequency range
is highlighted by the dotted black box in figure 4.9. As is to be expected in coupled
resonator systems, as many resonant features appear in the absorption spectrum as
the number of coupled resonators. The triangular markers in the figures represent the
frequency positions of the resonant modes, predicted by the eigensolver in COMSOL.
The numerically predicted mode positions match the positions of the experimentally
observed resonant modes with a difference of less than 1%. With the coupled modes
appearing to have a defined band edge at about 5.75 GHz (where the highest fre-
quency resonant mode of the coupled SRRs occurs), the lower frequency modes enter
the absorptive frequency region close to the cut-off of the rectangular waveguide. Any
information about the resonance in this absorptive frequency region is lost. As seen in
the absorption curves in figures 4.9e and 4.9f for the cases of five and six coupled SRRs,
the resonant modes at the lower frequency end appear unified into a single peak-like
feature, where the individual resonances are indistinguishable, although the numerical
finite-element model predicts the presence of two distinct resonant modes in the region.
The frequency band of the waveguide is limited by the absorptive band at the lower
end. Systematic resonant features introduced by scattering of the waveguide mode from
the stacked dielectric substrates appear at the higher end of the waveguide’s frequency
band (not shown in figure 4.9).
Some modifications to the analysed system may rectify these shortcomings. The
SRRs could be fabricated on thin flexible substrates and the spacing between them could
be filled by suitably thick expanded polystyrene (r = 1.02, close to air) to eliminate the
reflective features at the higher end of the waveguide’s frequency band. The resonance
frequency of the individual SRRs can then be tailored to be higher in frequency and
away from the absorptive band of the waveguide. The flexibility and compressibility
of the expanded polystyrene may, however, affect the accuracy of the recorded data.
With many such difficulties, it is concluded that the rectangular waveguide is not an
ideal system to characterise the resonant properties of a 1D chain of densely packed
meta-atoms. Free space characterisation may yield better results for such systems.
4.6 Summary
A single SRR’s resonant response was characterised in a rectangular waveguide and the
experimental conditions affecting the SRR’s resonance were discussed. The coupled
modes of a pair of identical split-ring resonators as a function of their separation and
relative orientation were studied. The reflection and transmission spectra of the SRR
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dimer were measured, and an analytical model was used to help build an understanding
of the physical mechanisms involved. It was demonstrated that the coupling in such
systems exhibits a rich behavior that can only be understood by considering near-field
and far-field interactions of both electric and magnetic character. The results of this
work will help inform the design of more complex metamaterials that incorporate SRRs
into arrays where the strength of inter-resonator coupling becomes significant, as, for
example, in the case of very dense arrays. In the final section, the suitability of the
rectangular waveguide to analyse 1D periodic metamaterials was tested. It was found
that the waveguide is not a suitable system for studying a 1D chain of resonators. Free







In chapter 2, it was highlighted that the traditional treatment of metamaterials in early
works was to produce bulk media with effective material parameters which give a tai-
lored novel electromagnetic response. Electromagnetic metamaterials may have their
effective values of the permittivity and permeability simultaneously negative, something
not found in nature. Such double negative metamaterials have a negative refractive in-
dex.
The dispersion characteristics of such negative index metamaterials (NIMs) ob-
tained using negative material parameters [14] and using an equivalent circuit approach
[21] both revealed the existence of a negative dispersion passband that supports back-
ward propagating waves as predicted by Veselago in [5]. The authors in [21] investigated
the dispersion characteristics of the NIM’s equivalent circuit model further, to anal-
yse the system’s resonant response when the electromagnetic wave propagating in free
space and the SRR array (where the neighbouring SRRs are coupled to one another)
were uncoupled. This analysis revealed that the SRR medium on its own could act as a
backward-wave medium (without negative refractive index) by virtue of the magneto-
inductive (MI) coupling between the SRRs, which was already a familiar concept by
then [22, 23]. MI waves have since paved the way for the emergence of several interest-
ing applications such as magneto-inductive waveguiding [23], magneto-inductive lenses
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for sub-wavelength focussing of electromagnetic radiation [24, 25], and in general as
wireless power transfer devices [26].
A parallel idea to the guiding of electromagnetic waves via magneto-inductive cou-
pling is instead to use an electro-inductive waveguide (EIW) composed of electrically
coupled complementary split-ring resonator (CSRR) meta-atoms [102], something that
can also be implemented in general for wireless power transferring applications [98]. A
CSRR is realised by replacing the metallic portions of a SRR with air-gaps and the
air surrounding the SRR in its plane by metal, as if to create a negative image of the
SRR [102]. The electro-inductive (EI) metamaterials built from the CSRRs also ex-
hibit a negative dispersion and backward-wave propagation. Some of the other novel
applications that have emerged from the EIW concept are oriented towards designing
broadband backward-wave metamaterials using stacked CSRR metasurfaces [105] and
active metamaterial particle accelerators [137].
The MI devices exhibit positive or negative dispersion depending on the sign of
the mutual inductance between the SRRs, which in turn depends on the relative ar-
rangement between SRRs being axial or planar [23]. On the other hand, the mutual
capacitive effects in EIW devices have been shown to always result in a negative disper-
sion [105]. In the works on MIW and EIW devices, the general observation is that the
axially coupled meta-atoms of either kind interact more strongly than those coupled
in a planar configuration, thereby resulting in a broader operational bandwidth in de-
vices constructed by axially stacking the meta-atoms [23, 105]. Different applications
benefit from different fractional bandwidths of the metamaterial devices used. While
it would be desirable to have wideband metamaterial lenses, waveguides and wireless
power transfer devices would benefit from narrowband operation, complying with the
prescribed IEEE frequency standards. The fractional bandwidth of the stacked CSRR
metamaterial in [105] of about 26% is one of the broadest values reported in the liter-
ature. However, it is to be noted that the stacked CSRR metamaterial’s operational
bandwidth is quite sensitive to the lattice period along the direction of stacking and
as acknowledged by the authors, negative dispersion could be achieved only for small
stacking distances between the metasurfaces.
The motivation for the work in this chapter is twofold. The key to manipulating
the operational bandwidth in metamaterials comes down to understanding the nature
of the fields in individual meta-atoms as much as understanding the field interactions
between them. It is well known from the literature that the conventional SRR [13] and
by Babinet’s principle, the CSRRs [102] are bianisotropic. As observed in chapter 4,
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the coupling strength between bianisotropic SRRs is reduced due to the competition
between the field interactions. The first motivation therefore is to analyse the field
distribution of an individual CSRR meta-atom and suggest a non-bianisotropic design
that would in turn enhance inter-element interactions and thus also enhance the meta-
material’s operational bandwidth. The second motivation is to offer a missing puzzle
piece to help complete the understanding of the field interactions in the complemen-
tary metamaterial structures. The standard approach to visualising the interactions
in complementary metamaterials adopted in the literature has mostly been via circuit
parameters. Here a coupled-dipole picture is used to describe the field interactions
between complementary meta-atoms, in hopes that this approach will complement and
extend the understanding gained using the standard circuit approach.
Below, in section 5.2, the nature of the resonant response of various SRRs and
CSRRs are discussed, elaborating on a method to eliminate bianisotropy by making
appropriate design choices.
5.2 Design approach to eliminating bianisotropy
The first logical step towards designing a non-bianisotropic complementary resonator
is therefore to understand the nature of resonances in different configurations of reg-
ular SRRs and arrive at an optimum non-bianisotropic SRR design. The next step
is only a matter of creating its negative image to arrive at the corresponding non-
bianisotropic complementary resonator. Table 5.1 shows the electric and magnetic net
dipole moments (shown by red and blue arrows, respectively) associated with the res-
onances in different bianisotropic and non-bianisotropic configurations of SRRs, which
are discussed in detail next. The co-ordinate axes that are marked on the single-ring
single-split SRR in the top row of table 5.1 are common to all the tabulated SRRs,
with the z-axis normal to the plane of the meta-atoms.
The first SRR configuration considered is the simple single-ring single-split SRR
that was the subject of the study on electromagnetic interactions between bianisotropic
SRRs in chapter 4. The schematic diagram in the left end of the top row in table 5.1
shows the electric and magnetic net dipole moments associated with the fundamental
resonance of this SRR. The necessary condition for the existence of bianisotropy in a
metamaterial is the absence of inversion symmetry [77, 78]. To demonstrate this condi-
tion using the single-ring single-split resonator, choosing a yz-plane equally dividing the
meta-atom into two halves as its central plane of inversion and transforming x → −x
results in a meta-atom that does not coincide with the meta-atom before inversion. If
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Table 5.1: The electric and magnetic net dipole moments associated with the res-
onances of different ring resonators. Top row (from left to right): the fundamental
resonance and the first higher-order resonance of the single-ring single-split resonator,
the fundamental resonance and the first higher-order resonance of the single-ring sym-
metric double-split resonator. Bottom row (from left to right): the fundamental reso-
nance and the first higher-order resonance of the single-ring asymmetric double-split
resonator (asymmetric SRR or ASRR from [138–145]), the fundamental resonance of
the double-ring single-split resonator (“split rings” from [13]), and the fundamental
resonance of the double-ring symmetric double-split resonator (double-slit SRR or
DSRR from [74]).
the original and the inverted meta-atoms were to be excited using the electric field com-
ponent (Ey) of a normally incident electromagnetic wave, the electric dipoles excited at
their splits would both be polarised along the same direction at any given instant. But,
the electric currents resulting from the flow of charges between the ends of the splits are
directed opposite to each other in the original and the inverted meta-atoms, resulting
in oppositely polarised magnetic dipoles. The same conclusion can be arrived at by
imagining the meta-atom being excited by just the magnetic field component (Hz) of
an electromagnetic wave traveling in the y-direction or being simultaneously excited
by the electric and magnetic field components (Ey and Hz) of an electromagnetic wave
traveling in the x-direction.
The second schematic of the top row shows the first higher-order mode of the single-
ring single-split resonator. Repeating the analysis steps followed for the fundamental
resonant mode of the structure, the higher-order mode being excited by the electric
field component (Ex) of a normally incident electromagnetic wave is considered, choos-
ing an xz-plane through the centre of the meta-atom as its central plane of inversion.
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The presence of inversion symmetry of the meta-atom about the xz-plane cutting it
through its split, results in an effective electric dipole moment polarised in this direc-
tion, but the magnetic fields due to the symmetric electric currents cancel out. This
is in agreement with the prediction that the even numbered modes of the single-split
SRR do not have cross-polarisation effects [62].
The ultimate goal here is to design a non-bianisotropic resonator. The bianisotropy
of the single-ring single-split resonator is removed by introducing a second split to the
ring symmetrically opposite to the first, thereby imposing an inversion symmetry to
the geometry (see right end of the top row in table 5.1). In the single-ring symmetric
double-split case, it can be seen that the fundamental resonant mode has an out-of-
plane net magnetic dipole moment but the electric contributions at the splits perfectly
cancel each other out due to the imposed inversion symmetry about the central yz-
plane equally dividing the meta-atom. The electrically excitable resonance seen at the
far right end of the top row in table 5.1 which is also non-bianisotropic, is the first
higher-order mode occurring at a higher frequency. The higher-order mode is seen to
be quite similar to that of the single-ring single-split SRR.
Before constructing more complex meta-atoms using the single-ring configurations
discussed so far, the discussion is steered towards another single-ring configuration to
fully appreciate the importance of inversion symmetry to suppress bianisotropy. The
two single-ring configurations considered above are both symmetric about the xz-plane
that divides the ring through their split(s). An asymmetric single-ring double-split
resonator (asymmetric split-ring resonator or ASRR from literature) [138–145] is con-
sidered next as seen in the second row of table 5.1, to show that the bianisotropy
can be shifted from the fundamental resonance to the higher-order mode by changing
the ring’s central plane of inversion symmetry. The ASRR shown in table 5.1 has an
inversion symmetry only about a central yz-plane equally dividing it. The result is
that the fundamental mode comprises an out-of-plane magnetic dipole moment with
the net electric response cancelling out due to the symmetric placement of the splits.
This fundamental mode is found to be closely similar to that of the non-bianisotropic
single-ring with symmetric splits in the right end of the top row in table 5.1. On the
other hand, the higher-order mode not only has an electric dipole moment polarised
along the x-direction, but also a weak out-of-plane magnetic dipole moment resulting
from the imperfect net cancellation of the electric currents in the two unequal arms
of the ASRR. The higher the degree of asymmetry in the structure, the stronger the
cross-polarisation and stronger the magnetic response. A special case to consider is
when the two splits are shifted further in the y-direction on the ring until they share
85
5. Realising an ultra-wideband backward-wave metamaterial waveguide
the same spatial location identical to the single-ring single-split resonator. The reso-
nant mode in this case is the same as the fundamental resonant mode shown in the
first schematic of the top row in table 5.1.
As a general rule, a resonator built by combining two other resonators retains
the symmetry properties of the constituents and hence their bianisotropic or non-
bianisotropic properties. This helps in designing multi-ring resonators whose fundamen-
tal resonance occurs at a much lower resonance frequency than those of the constituent
single-rings and are therefore valuable in designing highly sub-wavelength metamate-
rials. For example, the schematic of the double-ring single-split resonator (popularly
referred to as the “split rings” in [13]) shown third in the bottom row of table 5.1 is
composed of two non-identical single-ring single-split resonators from the top row. The
splits of the two rings are placed symmetrically opposite each other. However, the lack
of perfect inversion symmetry about the y-axis (a yz-plane) through the meta-atom’s
centre results in the bianisotropic nature of the fundamental resonance. This geome-
try serves to achieve a high Q-factor resonance through an almost perfect cancellation
between the electric fields at the splits, thereby making the meta-atom’s response at
resonance predominantly magnetic. Similarly, the double-ring symmetric double-split
resonator (double-slit split ring resonator or DSRR from [74]) from the right end of
the bottom row in table 5.1 is constructed from the single-ring symmetric double-split
resonators from the top row. The inner ring is rotated by 90◦ with respect to the outer
ring so that the inversion symmetry is preserved whilst avoiding interference between
the inner and the outer rings’ electric fields. The non-bianisotropic fundamental res-
onance of this structure is seen to possess only an out-of-plane magnetic dipole moment.
Let two single-ring resonators be selected from table 5.1 - the single-ring bian-
isotropic SRR and the non-bianisotropic version of the single-ring SRR with symmetric
splits as basic building blocks to construct slightly more complex double-ring versions.
These two single-ring structures are also shown in the left half of the top row in table
5.2. The second half of the top row shows the standard double-ring SRR and its non-
bianisotropic double-ring version built from the above mentioned single-ring versions.
The schematics of the meta-atoms are displayed along with the net dipole moments
associated with the fundamental resonance of each resonator, shown as red (electric)
and blue (magnetic) arrows. The bottom row in table 5.2 shows the corresponding
complementary resonators, each being the negative image of the standard resonators
in the top row. The co-ordinate axes displayed in the first meta-atom schematic in
the top row of the table are common to all the tabulated meta-atoms with the z-axis
normal to the planes of the meta-atoms.
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Table 5.2: Top row: The electric and magnetic net dipole moments associated with
the fundamental resonance of different ring resonators. Bottom row: The electric
and magnetic dipole moments in the top and bottom half spaces of the corresponding
complementary resonators. Note: The complementary resonators exhibit zero net
dipole moments since the modes consist of equal and opposite local dipole moments
on either side of the rings, as shown. When considering the interactions between
adjacent complimentary resonators, it is these local dipole moments in the spaces
between the resonators that need to be considered.
The duality of fields between the SRR and CSRR meta-atoms due to Babinet’s prin-
ciple means that the electric and magnetic fields of the SRRs should be interchange-
able with the magnetic and electric field distributions of the corresponding CSRRs
[74, 102, 103, 146]. This is also seen from table 5.2. The CSRRs seen in the bottom
row of table 5.2 exhibit out-of-plane electric dipole moments which are dual to the out-
of-plane magnetic dipole moments of the standard resonators, as dictated by Babinet’s
principle. The bianisotropic resonators also exhibit in-plane magnetic dipole moments.
The local dipole moments on either side (top and bottom) of a complementary res-
onator are equal in strength and oppositely polarised, resulting in a zero net dipole
moment. Despite the zero net dipole moment, the CSRRs can be excited by time-
varying local fields on one (either) side and can interact with other adjacent CSRR
meta-atoms through their near-fields. Therefore, when analysing the interactions be-
tween adjacent complementary resonators, the local dipole moments of the resonators
in the space between them need to be considered.
The double-ring bianisotropic and non-bianisotropic CSRRs are ideal candidates
for comparing and highlighting the role of bianisotropy in limiting the operational
bandwidth of a metamaterial. In section 5.3, 1D axially stacked complementary meta-
materials constructed using the bianisotropic and non-bianisotropic CSRR meta-atoms
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are analysed and compared. The purpose of the analysis is to highlight the improve-
ment in operational device bandwidth in the non-bianisotropic metamaterial stack over
that of the bianisotropic metamaterial stack.
5.3 Design and characterisation of the 1D metamaterial
5.3.1 Design and experimental setup
(a) (b)
Figure 5.1: (a) A colour photograph of the modified non-bianisotropic complemen-
tary split-ring resonator (MNB-CSRR) meta-atom as fabricated. The splits in both
the slots measure 1.5 mm in height and the slots themselves are 1.2 mm wide. The
circular metal disc has a radius of 17.2 mm and the outer split-ring shaped slots have
an external radius of 16 mm. The metallic regions between the inner and outer slots
is 1.2 mm wide. (b) Schematic of the experimental setup used to excite and detect
the fundamental mode of the one-dimensional metamaterial, with period a = 1.5 mm.
The substrate material has been rendered translucent to reveal the periodic structure.
A near-field loop antenna excites the magnetic near-field of the 1D metamaterial stack,
and a stripped coaxial probe traverses the length of the stack to scan and record the
electric near-field above it, along the z-direction (shown dashed red). Both the launch
antenna and the probe are connected to a Vector Network Analyzer.
The design process for the non-bianisotropic CSRR meta-atom to be used in the
study was performed in a commercial finite element modeling software, COMSOL Mul-
tiphysics, using its eigenmode solver. A colour photograph of one of the fabricated
non-bianisotropic CSRR meta-atoms is shown in figure 5.1a. It can be seen that the
continuous metal sheet surrounding the split-ring shaped slots is truncated to a circular
disc, to ease the experimental near-field detection of the supported modes. In order to
investigate the effect of this deviation from the ideal complementary condition, an eigen-
mode model was built in th finite element software COMSOL Multiphysics. Figure 5.2
shows a colour map with the electric field corresponding to the truncated meta-atom’s
fundamental resonant mode, plotted in an yz-plane perpendicular to the plane of the
meta-atom. The position of the meta-atom with respect to the co-ordinate axes are
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the same as in table 5.2. The colour map shows a high electric field concentration in
the split-ring shaped slot and at the truncated edges of the meta-atom, as one might
expect. The black arrow heads show the instantaneous distribution of electric field
around the meta-atom at this resonance. The electric field is seen directed normal to
the plane of the meta-atom on either of its faces in agreement with the field represen-
tation that was plotted in figure 2.15b. Part of this electric field fringes to the edges
as a consequence of the truncation. Despite this small modification to the the electric
field distribution at the edges of the meta-atom, the collective electric response of the
meta-atom could be represented via local electric dipole moments as the unmodified
non-bianisotropic CSRR shown in the right end of the bottom row in table 5.2. The
new modified meta-atom shall be addressed to as modified non-bianisotropic CSRR
(MNB-CSRR) in the rest of the discussion.
Figure 5.2: A yz-plane perpendicular to the plane of a modified non-bianisotropic
CSRR (MNB-CSRR) and dividing it equally through its centre. The colour map shows
normalised electric field norm. The black arrow arrow heads are vectors representing
the instantaneous electric field distribution in the chosen plane. The dominant electric
field component is that perpendicular to the plane of the meta-atom. The truncation
of the complementary resonator results in the fringing of the normal electric fields
towards the circular edges of the resonator.
The radius of the outer circular metal-disc of the fabricated MNB-CSRR is 17.2
mm, the widths for the split-ring shaped slots are 1.2 mm, the external radius of the
outer split-ring shaped slot is 16 mm, the spacing between the inner and outer slots
is 1.2 mm, and the height of the split-like strips in each of the slots is 1.5 mm. The
meta-atoms were supported by the commercial Astra MT77 substrate which was 1.5
mm thick. The relative permittivity of the substrate material, as taken from the man-
ufacturer’s data sheet, is 3(1 + 0.0017i) and constant in the range 1 GHz to 20 GHz.
This meta-atom design resting on the mentioned 1.5 mm thick Astra MT77 substrate
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has a resonance frequency of 1.92 GHz, as calculated using COMSOL. However, in
the 1D axially stacked metamaterial the resonators are effectively embedded in the
substrate material. To see the effect of this environment on the resonance frequency
of a single resonator a modified COMSOL eigenmode model was built with two Astra
MT77 blocks 20 mm thick each, sandwiching a single MNB-CSRR meta-atom. The
meta-atom’s resonance frequency in this altered environment was found to be 1.43 GHz.
A 2D array of MNB-CSRRs was fabricated commercially by a local PCB manufac-
turer Graphic PLC, on a 1.5 mm thick commercial Astra MT77 substrate clad with
35 µm of copper. A layer of photoresist was coated on top of the copper layer and
the design of the MNB-CSRR transferred into the resist by laser direct imaging. The
subsequent development of the photoresist followed by etching of the resulting exposed
metal using ferric chloride were performed as described in section 3.2 of chapter 3. The
individual MNB-CSRRs were machine-cut from the panel, and the 1D metamaterial
was constructed by axially stacking 90 MNB-CSRRs with a periodicity of 1.5 mm, as
shown in figure 5.1b.
The modes supported by the 1D metamaterial stack were excited via their near-
fields using a loop antenna positioned for optimum coupling as shown in figure 5.1b.
A second antenna, in this case a simple section of stripped coaxial cable, was used
to probe the electric near-field above the metamaterial stack, as a function of distance
along the stack direction shown by the dashed red arrows. Both the launch antenna and
the collection probe were connected to the ports of a Vector Network Analyzer (VNA).
Despite the suppression of an effective magnetic dipole in the structure, optimally
positioning the loop antenna in the vicinity of its magnetic near-field facilitates strong
coupling into the mode. The coaxial probe recorded the local electric field strength in
the frequency range of 1 GHz to 1.9 GHz.
5.3.2 Characterisation of the 1D metamaterial stack
A sample spatial electric field map plot in the inset of figure 5.3a shows the real part
of the recorded complex electric field distribution as a function of position along the
length of the stack, recorded at a frequency of 1.43 GHz. The main plot of figure 5.3a
shows the Fourier transform determined from the complex-valued instantaneous spatial
electric field at 1.43 GHz, plotted as a function of wavevector along the z-direction. The
steps and side-effects of Fourier transforms was already discussed in section 3.5. It can
be noticed here that only the positive half-space of the wavevector axis is presented, as
it is sufficient to identify the nature of the dispersion exhibited by the resonant mode in
90
5. Realising an ultra-wideband backward-wave metamaterial waveguide
(a) (b)
Figure 5.3: (a) Fourier transform of the complex spatial electric field distribution
at 1.43 GHz, revealing the amplitude of the frequency component as a function of
wavevector along the stacking direction. (Inset) Real part of the complex instanta-
neous electric field at 1.43 GHz plotted as a function of distance from the source along
the 1D stack. The excitation source was at 0 mm on the plot. The electric field was
recorded in steps of 0.75 mm. (b) Fourier amplitude of the complex spatial electric field
map, plotted as a function of frequency and wavevector along the stacking direction.
The red and blue triangles indicate the mode positions predicted by the eigensolver
in COMSOL Multiphysics for the MNB-CSRR and CSRR stacks, respectively. The
longitudinal electric field interactions corresponding to kz = 0 and kz = pi/a (Brillouin
zone boundary) for the negatively dispersive modes of the stacks are highlighted by
the dotted black box. The transverse magnetic interactions at these points for the
CSRR stack are also presented.
the metamaterial. Combining the Fourier transforms of the spatial electric field maps
for the measured frequencies results in the dispersion diagram shown in figure 5.3b. The
resonant mode observed in the diagram has a negative gradient of dispersion (negative
group velocity) for positive values of wavevector (positive phase velocity), indicating
that the mode is negatively dispersive. As discussed in section 3.5, the ghost features
due to spectral leakage are observed in the data besides the main resonant mode. The
other negatively dispersive resonant feature observed around 1.8 GHz is a higher order
mode of the metamaterial. The strong feature observed at 1.6 GHz spread across all
the wavevector values is neither a component of the metamaterial nor a side-effect of
the Fourier transform. It is a resonant feature introduced due to the stripped coaxial
probe used to collect the electric field and can be removed by choosing the length of
the probe tip more carefully.
To validate the experimental data, the MNB-CSRR metamaterial stack with the
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same design specifications as that used in the experiment was modeled in COMSOL
Multiphysics. The eigenvalue solver was used to identify the resonant modes of the
metamaterial in the frequency range from 1 GHz to 1.9 GHz as a function of wavevec-
tor along the stacking (z-) direction. The computed mode positions are overlain on the
experimental data in figure 5.3b, as red triangular markers.
The negative dispersion of non-bianisotropic and biansiotropic systems were next
compared, by looking at the 1D MNB-CSRR stack and comparing it to that of a 1D
CSRR stack. A model of the CSRR system was built in COMSOL with a period
and boundary conditions identical to that of the MNB-CSRR medium. The design
parameters – namely the width of the slots, height of the splits, the radius of the
slots and the circular disc used for the CSRR meta-atom – were exactly half of the
parameter values used to design the MNB-CSRR meta-atom. This adjustment to the
design parameters was performed to ensure that the negative dispersion passband of
the CSRR stack was centered at 1.43 GHz, the same as the MNB-CSRR stack. The
eigenfrequency positions calculated for the CSRR stack as a function of wavevector
are also overlain on the experimental data in figure 5.3b as blue triangular markers.
It is seen that the resonant mode supported by the MNB-CSRR stack has a broader
bandwidth than that supported by the CSRR stack of the same periodicity. The





where FBW is the fractional bandwidth, ∆f is the observed bandwidth and fc is the
central frequency of the band. Using the data from figure 5.3b, the FBW of the nega-
tive dispersive mode in the CSRR structure is calculated to be 41.5%, while that of the
MNB-CSRR stack is 56.3% which, based on a thorough search of available literature,
is broader than any reported value for magneto-inductive and electro-inductive meta-
materials.
The group velocities (dω/dk) of the negative resonant modes in the CSRR and
the MNB-CSRR structures were calculated using the numerically modelled dispersion
curves shown in figure 5.3b and are plotted as a function of the longitudinal wavevector
kz in figure 5.4. The blue curve represents the group velocity of the resonant mode
in the CSRR stack and the red curve represents that from the MNB-CSRR stack. It
can be seen that the wavevector axis is indicated by −kza representing the negative
wavevector direction. This choice of axis is to indicate that the group velocity is always
positive in a material and that the power always propagates away from the source. The
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Figure 5.4: The group velocity for the negatively dispersive modes of the CSRR
and MNB-CSRR 1D stacks as a function of wavevector in the stacking direction are
plotted as blue and red curves, respectively. The wavevector axis is plotted on the
negative scale because of the group and phase velocities being oppositely directed to
each other in the studied metamaterials.
phase velocity in the backward wave medium is directed opposite to the group velocity
and hence the wavevector is represented on a negative scale.
An interesting observation is that the negative group velocity of the mode in the
MNB-CSRR stack is twice as large as that in the CSRR stack at small wavevectors. It
is observed that the electro-inductive waves are able to travel faster in the MNB-CSRR
stack owing to the enhanced coupling in the structure. This can be understood by
drawing a comparison to the propagation of elastic waves in solids. The higher the
stiffness of a material i.e. the stronger the atoms of the material are bound to one
another, the higher the velocity of the elastic wave in the material.
Before proceeding to the discussion on the origin of negative dispersion in CSRR
based metamaterial stacks, the attenuation of the MNB-CSRR stack for the periodicity
value of 1.5 mm for which the 1D stack was experimentally characterised is estimated
and discussed. The estimate is based on the numerically obtained dispersion relations
as shown in figure 5.3b and the group velocity that was calculated for the MNB-CSRR
stack in figure 5.4, using the technique described in section 3.6. The losses were added
to the numerical model by including the substrate dielectric’s loss tangent to the ma-
terial properties and including the losses in the metallic resonators due to the metal’s
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Figure 5.5: The attenuation of the MNB-CSRR metamaterial waveguide with pe-
riod a = 1.5 mm calculated using the computationally obtained dispersion and group
velocity data from figures 5.3b and 5.4. The lowest attenuation of 1.97 dB/m is ob-
served at the frequency of 1.6 GHz. The loss is below maintained 3 dB/m (50%) in
the frequency range of 1.3 GHz - 1.75 GHz.
finite conductivity through the impedance boundary condition.
Figure 5.5 shows the calculated attenuation of the metamaterial stack. The lowest
estimated attenuation of 1.97 dB/m is observed at the frequency of 1.6 GHz. Com-
paring this attenuation to a wideband magneto-inductive waveguide from [147], it is
observed that our lowest estimated attenuation is an improvement over one of the low-
est reported attenuation values, of 2.3 dB/m reported in their work. However, the
frequency range of operation in their work is in the range of about 60 MHz to 130 MHz
which is quite different to ours. More recently, the magneto-inductive waveguide in
[148] was reported to have attenuation as low as 0.13 dB/m at a frequency of 950 MHz
which is much closer to our current frequency band of operation. It is to be noted how-
ever, that in this work a waveguide with fewer than 10 meta-atoms was experimentally
characterised. No such reported attenuation values could be found for electro-inductive
waveguides to compare.
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A consistently low loss of below 3dB/m (below 50%) is observed in the frequency
range of 1.3 GHz to 1.75 GHz. Such a low attenuation observed in the MNB-CSRR
metamaterial stack is not surprising, given the symmetry of the electric fields as shown
in figure 5.2, which make the MNB-CSRR meta-atoms poor radiators. The flatness
of the computed dispersion at the band edges mathematically result in unrealistic loss
values of greater than 100%. The estimation can be improved by including a higher
density of data points at the band edges to better determine the non-zero gradient of
dispersion and consequently the attenuation. However, it is true that the attenuation
would be high at the band edges. The smaller gradient of the dispersion closer to
the band edges, as seen in figure 5.3b, suggests the presence up of slow waves in the
metamaterial which would make it easier for the energy to be localised and absorbed.
While the attenuation we report is comparable to or slightly better than some of the
previously reported values, it can be further improved by reducing the longitudinal pe-
riodicity of the metamaterial. This would enhance the inter-element interaction, reduce
attenuation and also widen the bandwidth of operation.
In section 5.4, a simple toy-model of the dipole interaction is employed to explain
the origin of negative dispersion in CSRR-based metamaterials (both bianisotropic and
non-bianisotropic) and the observations from this section.
5.4 A toy dipole interaction model to analyse the nature
of field interactions
The experimental and computational results confirm the expectation that the fractional
bandwidth of the negatively dispersive mode in the MNB-CSRR stack exceeds that in
the CSRR stack. The interaction among the meta-atoms in the bianisotropic medium
is weakened by the competition between the electric and magnetic interactions, as ex-
pected. The weakened interaction strength results in the narrowing of the fractional
bandwidth, and a smaller group velocity. In this section, a toy coupled-dipole model
of the field interactions between the complementary meta-atoms is presented as a tool
to help explain the origin of negative dispersion in these media, and the impact of
bianisotropy on the operational bandwidth of the negative dispersion passband in the
CSRR stack.
For the benefit of the reader, the general rules of dipole coupling are briefly re-
called here (see figure 2.9 for schematic representation of the coupled-dipole picture).
In the simple case of two dipoles, the strength of the coupling between the dipoles
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(a) (b)
Figure 5.6: Relative orientations of the coupled electric dipole moments ((a) and (b))
between two MNB-CSRR (or CSRR) meta-atoms in the 1D stack. The anti-symmetric
longitudinal dipole arrangement in (a) corresponds to kz = 0 in the periodic medium
favouring a higher energy solution. The symmetric longitudinal dipole arrangement
in (b) corresponds to kz = pi/a (a - period) favouring a lower energy solution.
depends upon their relative orientation, and the coupling can be either longitudinal or
transverse in nature. These coupled modes, whether longitudinal or transverse, corre-
spond to aligned or anti-aligned dipole moments. For transversely coupled dipoles the
symmetric arrangement (aligned dipole moments) is the higher frequency solution and
the antisymmetric arrangement (anti-aligned dipole moments) is the lower frequency
solution; for longitudinally coupled dipoles this situation is reversed. For a given sepa-
ration, the frequency difference between the coupled modes is greater for longitudinally
coupled dipoles than for transversely coupled dipoles [85].
In the equivalent circuit treatment of CSRR based metamaterials, the negative dis-
persion is attributed to the positive mutual capacitance between the resonators [105].
If instead the negative dispersion is to be understood in terms of field interactions, the
relative electric field orientations between two neighboring complementary meta-atoms
in the stack need to be considered first, as shown in figures 5.6a and 5.6b. The view
shown in figure 5.6 is from the side of the 1D stack looking along the x-direction. As
established in section 5.2, this coupled electric dipole picture can be used to understand
the electric field interactions in both the CSRR and MNB-CSRR stacks. The relative
field distributions shown in figures 5.6a and 5.6b correspond to the resonance frequen-
cies of the stack associated with wavevectors kz = 0 and kz = pi/a (at the Brillouin
zone boundary), where a is the longitudinal stacking periodicity. The reason for this
choice is that these are the frequencies at the band edges.
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At kz = 0, the wavelength of the electro-inductive wave in the 1D stack, λ|kz=0 =∞
i.e. the fields of the meta-atoms in the stack are all in-phase. Whether the resonance
frequency associated with this configuration is higher or lower than the resonance fre-
quency of the individual meta-atoms is determined by the relative dipole orientations.
As seen in figures 5.6a and 5.6b, the electric dipole interactions between the complemen-
tary meta-atoms in the 1D stack are represented by longitudinal relative orientations of
the dipoles, as highlighted by the dotted blue boxes. By comparing the relative dipole
orientation in figure 5.6a to those in figure 2.9, it can be seen that the anti-symmetric
longitudinal orientation corresponding to kz = 0 favours a higher energy solution. The
anti-symmetric longitudinal dipole pair is marked on figure 5.3b at kz = 0, highlighted
by the dotted black box.
At the Brillouin zone boundary where kz = pi/a, the fields of each meta-atom are pi
out of phase with those of its immediate neighbors. Figure 5.6b shows that the relative
dipole orientation between the longitudinal electric field components of the adjacent
meta-atoms is symmetric in this case, again as highlighted by the dotted blue box. By
comparing this to figure 2.9, it can be seen that the longitudinally coupled symmetric
orientation corresponds to a lower energy solution. In figure 5.3b, this dipole orienta-
tion is marked at the frequency position corresponding to kz = pi/a, highlighted by the
dotted black box.
The two cases discussed above represent the relative dipolar arrangements that oc-
cur at the highest and lowest frequencies of the passband where negative dispersion
is exhibited by the 1D stack. With these configurations pinned at the band edges, all
other possible combinations of dipolar arrangements occur at band frequencies between
these edge frequencies. The negative dispersion in the bianisotropic CSRR stack needs
to be analysed in more detail next because both electric and magnetic field interactions
need to be considered here.
Based on the magnetic dipole orientation of the CSRR as depicted in table 5.2,
the relative dipole orientations of the coupled magnetic dipoles will be transverse; the
arrangement of these in the 1D stack are shown in figures 5.7a and 5.7b, highlighted by
the dotted red boxes. At kz = 0, the magnetic dipoles form an anti-symmetric pair as
shown in figure 5.7a. Referring back to figure 2.9, it can be seen that they favour a lower
energy solution, thus competing with the electric field interaction that inclines towards
a higher energy solution in this case. Similarly, at kz = pi/a, the magnetic dipoles
are symmetrically coupled as seen in figure 5.7b favouring a higher energy solution
(see figure 2.9), once again competing with the electric field interaction that inclines
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(a) (b)
Figure 5.7: Relative orientations of the coupled magnetic dipole moments ((a) and
(b)) between two CSRR meta-atoms in the 1D stack. The anti-symmetric transverse
dipole arrangement in (a) corresponds to kz = 0 in the periodic medium favouring
a lower energy solution. The symmetric transverse dipole arrangement in (b) cor-
responds to kz = pi/a (a - period) favouring a higher energy solution. (a) and (b)
correspond to cases (a) and (b) of figure 5.6, respectively.
towards a lower energy solution. This competition between the electric and magnetic
field interactions works to shift the edge frequencies towards the central frequency of
the negative dispersion passband. The direct effect of this is a reduced interaction
strength among the meta-atoms, a reduced resonant mode bandwidth (as seen in figure
5.3b), and a reduced group velocity (as seen in figure 5.4). Since the effect of magnetic
interactions in the MNB-CSRR are suppressed owing to the lack of bianisotropy, the
interaction is stronger and hence the operational bandwidth is broader.
It is briefly noted that this coupled-dipole picture may at first appear slightly at
odds with what one might expect. Typically a negatively dispersing mode arises for
transversely coupled dipoles since the in-phase arrangement of transversely coupled
dipoles is the high energy solution, whilst the out of phase arrangement, correspond-
ing to a higher wavevector, is the lower energy solution (seen from figure 2.9). This
difference between initial expectations and the observed results is a direct result of the
need to consider the coupling between the local dipole moments on either side of the
complimentary ring systems rather than the net dipole moments as one would typically
do in other systems.
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Figure 5.8: Numerically computed dispersion relations for 1D stacks built from
(a) CSRR meta-atoms and (b) MNB-CSRR meta-atoms plotting for changing 1D
periodicity in the stacking direction, for period ‘a’ = 0.75 mm, 1.5 mm, 3 mm, 6 mm,
10 mm. At 10 mm, the frequency response of the CSRR stack is reduced to a highly
narrow band.
5.5 Sensitivity of the fractional bandwidth to the 1D pe-
riodicity
As discussed in section 5.4, the inter-element interaction strength in the 1D CSRR
stack is governed by both the electric and magnetic field interactions, while that in
the MNB-CSRR stack is governed by just the electric field interaction. The sensitivity
of the negative dispersive mode bandwidth in the CSRR and MNB-CSRR stacks was
analysed next, as a function of the 1D stacking period. The dispersion relations of
the two stacks were numerically computed in COMSOL Multiphysics, as a function
of the period along the stacking direction. The spacing between the meta-atoms was
completely filled with the substrate material for dielectric homogeneity.
Figure 5.8 presents the numerically computed dispersion relations of the CSRR and
the MNB-CSRR 1D stacks for period ‘a’ = 0.75 mm, 1.5 mm, 3 mm, 6 mm, and 10 mm.
It can be seen from figure 5.8a that at a period of 10 mm, the negative dispersive mode
in the CSRR stack is reduced to a highly narrow band. This behaviour was already
reported in [105] where the authors showed that upon increasing the period further,
the dispersion can also become positive. From the analysis in chapter 4 of interactions
between coupled bianisotropic resonators, it was understood that the flattening of the
frequency band here may not signify a lack of coupling between the meta-atoms. The
balance between the electric and magnetic interaction strengths could cause the res-
onant states of the coupled meta-atoms in the system to be degenerate for a certain
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value of period causing the resonant band to flatten. As observed in [105], when the
period is increased further, the higher and lower energy mode positions switch causing
a positive dispersion. It can be understood that this change in dispersing nature is
caused by the shift in the balance between the two field interactions.
Figure 5.9: The fractional bandwidth of the CSRR (blue curve) and MNB-CSRR
(red curve) stacks plotted as a function of longitudinal periodicity, as calculated from
figure 5.8. The fractional bandwidth of the MNB-CSRR stack is higher than the CSRR
stack for all inter-element separations.
From figure 5.8b, the MNB-CSRR stack’s resonant response is less sensitive to
changing period than the CSRR stack. At a = 10 mm, due to the decreased interac-
tion strength among the meta-atoms, the fractional bandwidth of the MNB-CSRR has
reduced to less than 0.2, as seen from figure 5.9, but still hasn’t narrowed as much as
that of the CSRR stack. The interaction strength in this system is governed only by
the electric interaction and the rate at which the mode bandwidth falls should directly
relate to the decay length of the electric near-field of the meta-atoms. The transverse di-
mensions of the MNB-CSRR meta-atom is double that of the CSRR meta-atom so that
they operate at the same resonance frequency. Increasing the transverse dimensions of
the MNB-CSRR meta-atoms while retaining the same periodicity as that of the CSRR
stack also greatly helps increase the stack’s fractional bandwidth by enhancing the elec-
tric interaction strength due to the capacitive action between MNB-CSRR meta-atoms.
The fractional bandwidth for the CSRR and MNB-CSRR stacks as computed from
the dispersion relations in figure 5.8, are plotted in figure 5.9 as a function of the 1D
stacking period. The immediate observation is that starting from a higher inter-element
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separation (or period) and gradually decreasing it, shows that at very small separations
the fractional bandwidth of the MNB-CSRR stack does not continue increasing with
the same trend as that of the CSRR, but instead begins to approach a limit. This
clearly demonstrates that at such small separations, the toy dipole interaction model
breaks down and does not explain the effects of near-field interactions effectively, as was
already observed in chapter 4 (section 4.4). The general observation however is that
irrespective of the chosen inter-element separation, the fractional bandwidth offered by
the MNB-CSRR stack is always higher than that of the CSRR stack.
The analysis of the results from numerical modelling in this section lead to the
conclusion that, by excluding bianisotropy in the meta-atom’s design, not only is the
metamaterial’s operational bandwidth increased, but the negative dispersion also has
a reduced sensitivity to longitudinal stacking periodicity in the metamaterial.
5.6 Summary
The resonances of bianisotropic and non-bianisotropic SRRs along with that of the
corresponding complementary SRRs were analysed and discussed, along with a modi-
fied geometry of a non-bianisotropic CSRR design to remove the inherent bianisotropy.
A negatively dispersing mode supported by a 1D metamaterial consisting of axially
stacked MNB-CSRR meta-atoms was analysed and the experimentally determined
mode dispersion was found to be in good agreement with numerical simulations. It
was also shown that the operational bandwidth of the mode is ultra-wide and exceeds
that offered by a similar system consisting of bianisotropic elements and also that of any
report that could be found in the literature. Estimation of the metamaterial stack’s
attenuation reveals that the losses in the waveguide are lower than most proposed
magneto-inductive waveguides, with room to improve by tuning the longitudinal peri-
odicity. A toy coupled-dipole model was employed to show how the origin of negative
dispersion in CSRR based metamaterial devices can be understood. The same model
was used to indicate how bianisotropy limits the maximum operational bandwidth.
It is deduced that the increased transverse dimension of the MNB-CSRR meta-atoms
compared to that of the CSRRs also helps in enhancing the inter-element interactions
and hence the operational bandwidth. As a last step in the analysis, the sensitivity
of the negative dispersion was compared between the two stacks for increasing val-
ues of longitudinal stacking period. The MNB-CSRR stack’s dispersion showed less
sensitivity to changing lattice period. The results from this study should be of assis-
tance in the design of broadband backward-wave metamaterial devices, with enhanced
electro-inductive waveguiding effects.
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Chapter 6




Many works on the dispersion characteristics of 1D metamaterials such as [21–25, 105],
show that the relative orientation of the meta-atoms constituting the metamaterial,
and consequently the relative polarisation direction of the fields in the meta-atoms
at their resonance, determines the positive or negative dispersion exhibited by the
metamaterial. The bandwidth of the passband depends on the strength of interaction
between the meta-atoms. Previous works have shown that axially stacking regular SRRs
can help achieve a positive dispersion [22, 23] and axially stacking CSRRs results in a
negative dispersion [105]. The work in the previous chapter showed that a broadband
negative dispersion could be achieved using axially stacked modified non-bianisotropic
CSRRs.
In the current chapter, the design of a 1D metamaterial prototype that supports
both positive and negative dispersion in an overlapping frequency passband is pur-
sued. Such a metamaterial would permit simultaneous forward- and backward-wave
propagation. The main motivation is that this metamaterial could act as a microwave
analogue of nanoparticle chains that support electromagnetic energy transfer with a
positive or a negative dispersion when their longitudinal or transverse dipole modes are
excited [86, 87]. The aim is to achieve simultaneous positive and negative dispersion
in the metamaterial without having to change the relative orientation of the meta-
atoms. Naturally, tailoring the behaviour of the metamaterial comes down to carefully
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choosing the design of the meta-atoms and their relative orientation in the metamate-
rial (which will remain fixed). This shall be discussed in the first section of this chapter.
6.2 Resonant dipole analysis for design of the meta-atom
The first step in the pursuit of the goal is to lay down some basic design rules for the
target metamaterial:
1. Coupled-dipole studies show that a 1D chain of longitudinally coupled (electric or
magnetic) dipoles gives rise to a positive dispersion while a 1D transversely cou-
pled chain of dipoles exhibits a negative dispersion [86, 87]. The target meta-atom
should, therefore resonate with both in-plane and out-of-plane dipole moments
of the electric and/or magnetic kinds. When the meta-atoms are stacked in the
preferred axial configuration, the interactions between the transversely coupled
in-plane dipole moments and that between the longitudinally coupled out-of-plane
dipole moments should result in negative and positive dispersions, respectively.
2. The in-plane and out-of-plane dipole moments should not be associated with the
same resonant state of the meta-atom (for example, like the electric and magnetic
dipole moments of the fundamental resonance in a simple single-ring SRR from
chapter 4 (see figure 4.1)). In other words, the in-plane and out-of-plane dipole
moments should be associated with different non-bianisotropic resonances of the
meta-atom and should have dissimilar field distributions. Interaction between the
two resonances will result in a stop-band due to anti-crossing between the modes,
inside the target frequency range.
3. The resonances associated with the in-plane and out-of-plane dipole moments
should not be separated too much in frequency. The closer the frequency sepa-
ration between the individual resonances, the higher the frequency overlap of the
positive and negative dispersing passbands.
The simplest route to achieving the first and the second design goals is to combine
two meta-atoms such that they are not conductively coupled (not physically connected).
The third design goal is relatively easy compared to the other two, as it involves the
scaling of the two constituent meta-atoms’ dimensions to control their resonance fre-
quencies.
The design of the target meta-atom is commenced by tabulating and analysing the
dipole moments of a few known meta-atom configurations in table 6.1. The co-ordinate
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NB-SRR inside truncated metal hole
Table 6.1: Top row (from left to right): the magnetic net dipole moment associated
with the fundamental resonance of a non-bianisotropic SRR (NB-SRR), the electric
net dipole moments of a closed ring, and a circular hole in an infinite metal sheet.
The solid red arrows polarised along the y-axis direction is one of the possible electric
polarisations that can be excited in the structures. Other possible electric dipole
polarisations are shown as faint red arrows with a dotted outline. Bottom row (from
left to right): the electric net dipole moments excitable in of the truncated metallic
hole resonator at its fundamental resonance, the magnetic and electric net dipole
moments of the combined meta-atoms arising from the resonances of the NB-SRR
and the truncated metallic hole resonator, respectively. The infinite metal sheet with
a circular hole is truncated to a square resonator containing the circular hole with
the NB-SRR positioned centrally within the circular hole. The new meta-atom has
orthogonal and selective polarisations of electric net dipole moments owing to the
inversion symmetry imposed by the NB-SRR meta-atom about the x- and y-axes.
axes shown in the left of the top row is common to all the tabulated meta-atoms,
with the z-axis being normal to the planes of the meta-atoms. The complementary
resonators are not included in the initial design stage, for simplicity.
The first meta-atom tabulated in the top row of table 6.1 is the non-bianisotropic
SRR (NB-SRR) (the double-slit SRR or DSRR) that was discussed in chapter 5. The
meta-atom is non-bianisotropic owing to the inversion symmetry in its geometry about
the x- and y-axes. The fundamental resonance of the meta-atom consists of only an
out-of-plane magnetic dipole moment and no net electric contribution. The NB-SRR is,
therefore, an ideal candidate to be the source of longitudinal magnetic field interactions
in the metamaterial. The next requirement is to choose a non-bianisotropic meta-atom
that possesses an in-plane electric dipole moment in its fundamental resonance.
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On the theme of circular resonators, the first candidate to be considered is a closed
ring, shown second in the top row of table 6.1. To add an historical note, this simple
closed-ring resonator was used to model the outer sheath shielding a central SRR in
early analytical treatments of Magnetic Resonance Imaging (MRI) devices [11, 12]. The
closed-ring resonator does not support a magnetic resonance on its own or in response
to the magnetic flux of the central SRR, quite simply because of its closed nature. How-
ever, its circular geometry permits the excitation of an in-plane electric dipole moment
due to an electric field polarised along any direction in the plane of the meta-atom, as
seen from the schematic in table 6.1. A solid red arrow along the y-direction is shown
to indicate an electric dipole moment along that direction. A few other faint red arrows
with dotted outlines are also shown to indicate that an in-plane electric dipole moment
could be excited in any other in-plane direction.
Another candidate meta-atom is considered as the source of in-plane electric dipole
moments before moving on to the final design. Consider a circular hole in a continuous
metal sheet, as seen in the right end of the top row in table 6.1. Its geometry differs
from that of the closed-ring resonator only in that the metallic region surrounding the
inner hole consists of continuous metal instead of a ring with a finite width. The idea of
using metallic films with an array of holes and stacking the hole arrays (or fishnet struc-
tures) to achieve novel properties like a negative refractive index and extra-ordinary
transmission (EOT) has been pursued before [43, 44, 47, 48, 149–151].
Special attention needs to be paid to the references [149–151] where the criteria on
the dimensions of each sub-wavelength hole in the constructed 3D array with respect
to the other lattice parameters in order to achieve EOT and negative refractive index
simultaneously are explored in detail. The work in [149] points out that it is crucial for
the hole’s diameter, say a, to be lower than the transversal periodicity d (periodicity in
the plane of the meta-atom) for EOT to be achieved (d > a). In this regime, the mode
that is excited within the hole is evanescent in nature i.e. the 3D stacked hole array
exhibits EOT and negative refractive index below the cut-off region of the individual
holes’ fundamental resonance. The works in [150, 151] explore further the propagating
modes supported by the stacked hole array, which occur when the holes are no longer
sub-wavelength. These propagating holes no longer exhibit a left-handed (negative)
dispersion, but instead a right-handed (positive) dispersion. These works also show
that even in the subwavelength hole regime, when the longitudinal periodicity (stack-
ing distance between 2D hole arrays - dz if z is the stacking direction) exceeds the hole
diameter a (dz > a), the negative dispersion vanishes and right-handed behaviour is
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exhibited.
When the circular holes are stacked one above the other with an intermediate di-
electric, capacitive effects can be observed due to electric field fringing between opposite
edges of each circular hole and between the edges of axially stacked holes. In the prop-
agating regime of the holes (hole diameter comparable to wavelength a ≈ λ), like the
closed-ring resonator, an in-plane electric dipole moment can be induced in the circular
hole, with polarisation along any in-plane direction, as represented in the schematic in
table 6.1.
The circular geometries of the closed-ring resonator and the hole in the metal film
give rise to inherent inversion symmetry along all directions in their plane. If the in-
finite metal film were to be truncated to a square metallic strip containing a circular
hole at its centre (see the first schematic on the bottom row of table 6.1), the inversion
symmetry is defined and the electric net dipole moments have polarisations only along
the x- and y-directions. Moreover, this truncated resonator satisfies the conditions laid
out in [149–151] to support propagating modes and also a negative dispersive behaviour
when stacked. Truncating the metallic area around the hole to a square ensures that
the hole diameter is comparable to the transverse periodicity (d ≈ a), thereby enter-
ing the propagating regime instead of the EOT regime. The hole diameter chosen for
this work is much larger than the stacking periodicity, as will be shown in the later
modelling and experimental sections. In this regime, the system exhibits a negative
dispersion despite not being in the EOT regime. Let this resonator be referred to as
the truncated hole resonator for the rest of the discussion.
As a consequence of the truncation, local magnetic responses arise at the edges of
the metallic square due to electric currents in these regions, but a magnetic net dipole
moment is suppressed at the resonance(s) due to the net cancellation of the magnetic
fields. Figure 6.1a shows a colour map of the normalised electric field norm plotted
in the plane of a truncated hole resonator. The black arrows representing the instan-
taneous electric field distribution shows a dominant in-plane electric field component
along the y-direction. The red arrows show the corresponding instantaneous electric
current distribution. By inversion symmetry of the meta-atom, the net magnetic field
cancels out. The corresponding dipolar representation of the collective electric field
strength along the y-direction is represented in the schematic diagram shown in the
bottom row of table 6.1. The orthogonal electric field distribution looks the same but
rotated by 90◦ with respect to that shown in figure 6.1a, hence not shown. This distri-
bution would correspond to the faint electric dipole with dotted edges shown in table
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Figure 6.1: (a) An xy-plane containing a truncated hole resonator showing the nor-
malised electric field norm as a colour map at one of its orthogonal resonant modes.
Black arrow heads show instantaneous electric field distribution and the red arrows
show the corresponding electric current distribution of the mode. (b) A yz-plane per-
pendicular to a single hybrid NB-SRR (HNB-SRR) dividing it through its centre shows
the colour map of normalised magnetic field norm corresponding to its fundamental
magnetic resonance. The black arrow arrow heads are vectors representing the instan-
taneous magnetic field distribution in the chosen plane. The collective magnetic field
strength can be represented by an out-of-plane magnetic dipole moment. (c) and (d)
show in-plane normalised electric field norm of the two orthogonal electric resonances
in the HNB-SRR meta-atom. The black arrow heads represent the instantaneous elec-
tric field distribution. The dominant electric field component in each case is pointed
along the x- or y- direction.
6.1. The truncated hole resonator makes for a better candidate to contribute towards
the in-plane dipole moments because it has defined in-plane electric dipole polarisa-
tions. An increased metallic area compared to the closed-ring also ensures enhanced
capacitive interaction between adjacent stacked hole meta-atoms.
Since there are now two candidate meta-atoms to contribute independently towards
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the in-plane and out-of-plane dipoles, the two are combined in the same plane to make
a new meta-atom, shown in the last two schematics in the bottom row of table 6.1.
The second schematic in the bottom row shows the magnetic net dipole moment due
to the fundamental resonance of the NB-SRR. The magnetic field profile corresponding
to the fundamental magnetic mode of the new meta-atom, in a yz-plane dividing the
meta-atom equally in half (with respect to the co-ordinate axes in table 6.1), is shown in
figure 6.1b. The instantaneous magnetic field distribution (black arrow heads) justifies
the out-of-plane magnetic dipole representation used in table 6.1, similar to that of the
NB-SRR meta-atom. The last schematic in the bottom row shows the two orthogonal
and independently excitable electric dipole moments due to the combined effect of the
NB-SRR and the truncated hole resonator. The symmetric placement of the NB-SRR
with respect to the x- and y-axes inside the truncated hole resonator supports the
electric dipole moments of the meta-atom polarised parallel to the edges of the outer
metallic square. Figures 6.1c and 6.1d show the electric field colour maps of the two
orthogonal electric modes excited in the plane of the new meta-atom with black arrow
heads showing instantaneous electric fields. It can be clearly seen that the region of
electric field concentration is between the truncated hole resonator and the NB-SRR
meta-atom. But from the relative directions of the electric field in both ends of the
meta-atom for both the modes, it can clearly be seen that a simple electric field dipole
representation as that shown in the last schematic in the bottom row of table 6.1 is
valid for the purpose of qualitative analysis.
The schematics of the new meta-atom from table 6.1 show the in-plane and out-of-
plane resonances as if they occur independently of one another. However, the excitation
of counter-propagating electric currents in one resonator in response to an electric cur-
rent driven in the other resonator at its resonance, causes the weakening of both their
resonances. The discussion will return to this subject, later.
The non-bianisotropic nature of the resonances in the independent meta-atoms
(NB-SRR and truncated hole resonator) results in a non-bianisotropic nature of the
resonances of the resultant meta-atom. The dimensions of the individual constituents
of the new meta-atom can be independently adjusted to tune the frequencies of the
resonances, and therefore the frequency overlap between the resonant modes that re-
sult from the two kinds of interactions in a 1D metamaterial chain constructed with
the meta-atoms. Given the hybrid nature of this new non-bianisotropic meta-atom’s
design, and the integral nature of the NB-SRR in influencing both the electric and
magnetic resonances of the meta-atom, the name hybrid non-bianisotropic SRR (HNB-
SRR) seems appropriate.
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In section 6.3, the resonant response of the HNB-SRR meta-atom and the dispersion
of the 1D metamaterial constructed from axial stacking of the HNB-SRRs will be
numerically computed using the finite-element method.
6.3 Numerical modelling of the 1D metamaterial’s reso-
nant response
The resonant response of a single HNB-SRR meta-atom is first computed, followed
by the dispersion in a 1D stacked metamaterial constructed from HNB-SRR meta-
atoms. For comparison, the dispersions of a 1D stacked hole resonator metamaterial
and a 1D stacked NB-SRR metamaterial will also be computed. Since, the nature of
field interactions and wave propagation in axially stacked multilayer circular holes has
already been treated in [48], for the experimental characterisation in this chapter only
the NB-SRR and HNB-SRR meta-atoms are fabricated.
6.3.1 Resonant response of a HNB-SRR meta-atom
The design process for the HNB-SRR meta-atom to be used in this study was per-
formed in the commercial finite element modelling software, COMSOL Multiphysics,
using its eigenmode solver. A colour photograph of a fabricated HNB-SRR meta-atom
is shown in figure 6.2b. The widths of the split-rings at the centre are w1 = w2 = 1.2
mm, the external radius of the outer split-ring is router = 16 mm, the spacing between
the inner and outer split-rings is g3 = 1.2 mm, and the split-gaps in both the inner and
outer split-rings is g1 = g2 = 1.5 mm. The radius of the circular hole in the truncated
metal square is rhole = 17.2 mm and the side of the square metal sheet is 34.8 mm. The
minimum width of the metallic region between the circular hole and the edges of the
square sheet (w3 in figure 6.2b) is only 200 µm. The meagre metallic width in these
regions as seen from figure 6.2b is intentional to enable easier detection of the magnetic
near-field associated with the NB-SRR’s resonance. This design choice does not quali-
tatively affect the nature of the electric dipole moments in the HNB-SRR meta-atom.
The meta-atoms were supported by the commercial Astra MT77 substrate (r =
3(1 + 0.0017i) in the frequency range 1 GHz to 20 GHz) which was 1.5 mm thick. This
HNB-SRR meta-atom design has the following resonance frequencies as calculated us-
ing COMSOL: 1.7 GHz for the fundamental magnetic resonance, and 2.05 GHz and
2.19 GHz for the electric resonances. Referring to the last schematic in the bottom row
of table 6.1, it can be seen that the electric fields polarised along the x- and y-directions
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(a) (b)
Figure 6.2: Colour photographs of the (a) NB-SRR and (b) HNB-SRR meta-atoms
as fabricated. The splits in both the inner and outer rings (g1 and g2) measure 1.5 mm
in height and the rings themselves are 1.2 mm wide (w1 and w2). The outer split-rings
in both meta-atoms have an external radius of 16 mm. The gap region between the
inner and outer split-rings (g3) is 1.2 mm wide. Specific to the HNB-SRR design, the
circular hole of the truncated hole resonator has a radius of 17.2 mm and the metal
square has a side measuring 34.8 mm. The minimum width of the metallic regions
between the circular hole and metal square’s edge (w3 in (b)) measure 200 µm
experience slightly different metallic environments because of the inner and the outer
rings in the centrally placed NB-SRR rotated by 90◦ relative to each other. Therefore
the two electric resonances of the HNB-SRR meta-atom occur at slightly different fre-
quencies.
Similar to the MNB-CSRR metamaterial studied in the previous chapter, in the
1D axially stacked HNB-SRR metamaterial the resonators are effectively embedded in
substrate material. To see the effect of this environment on the resonance frequencies
of a single resonator, a modified COMSOL eigenmode model was constructed with two
Astra MT77 blocks 20 mm thick each, sandwiching a single HNB-SRR meta-atom.
The meta-atom’s resonance frequencies in this altered environment were found to be:
1.36 GHz for the fundamental magnetic resonance, and 1.62 GHz and 1.69 GHz for the
electric resonances.
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Figure 6.3: Numerically predicted resonant mode exhibiting positive dispersion in 1D
axially stacked NB-SRR (blue curve) and HNB-SRR (black curve) metamaterials. The
fractional bandwidth (FBW) of the HNB-SRR metamaterial stack’s resonant passband
is 47.2%, which is lower than the FBW of 64.5% for the NB-SRR metamaterial stack.
Insets: instantaneous electric current distribution in individual meta-atoms of the NB-
SRR (blue arrow) and the HNB-SRR (black arrow) metamaterial stacks associated
with the resonances represented by the dispersion curves.
6.3.2 Dispersion characteristics of a HNB-SRR stacked 1D metama-
terial
Before numerically modelling a 1D HNB-SRR metamaterial stack, 1D axial stacks
of truncated hole resonators and NB-SRRs were modelled individually in COMSOL
Multiphysics, for comparison. The truncated hole and the NB-SRR meta-atoms were
designed using the same dimensions of the respective structures in the HNB-SRR meta-
atom shown in figure 6.2b. A colour photograph of one of the fabricated NB-SRR meta-
atoms is shown in figure 6.2a (note that the stacked hole resonator is not included in
the experimental characterisation, as already mentioned). The axial/stacking direction
of the metamaterials was chosen along the z-axis, with a stacking periodicity of 3 mm.
The eigenmode solver in COMSOL was used to calculate the stacks’ resonant modes
in the frequency range from 1 GHz to 1.9 GHz as a function of wavevector along the
stacking (z-) direction. Figures 6.3 and 6.4 show the dispersion diagrams of the stacked
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1D NB-SRR array (blue curve) and the 1D stacked hole array (red curve) respectively,
as a function of frequency and wavevector along the stacking direction.
Figure 6.4: Numerically predicted resonant modes exhibiting negative dispersion
in 1D axially stacked hole resonator (red curve) and HNB-SRR (black curves) meta-
materials. The fractional bandwidth (FBW) of the HNB-SRR metamaterial stack’s
resonant passbands are 28.5% and 24.5% respectively, which are narrower in com-
parison to the FBW of 35.6% for the corresponding resonances in the hole resonator
metamaterial stack. Insets: instantaneous electric current distributions in individual
meta-atoms of the hole resonator (red arrow) and the HNB-SRR (black arrows) meta-
material stacks associated with the resonances represented by the dispersion curves.
The positive dispersion due to the longitudinal magnetic dipole interaction in the
NB-SRR stack, as seen from the blue curve in figure 6.3 has a fractional bandwidth
(FBW) (given by equation (5.1)) of 64.5%, which indicates a particularly strong inter-
element interaction in the stack. The inset at the bottom of figure 6.3 shows the
instantaneous electric current distribution and the excited magnetic dipole in a NB-
SRR meta-atom of the stack at this resonance. The negative dispersion due to the
transverse electric dipole interactions of the stacked holes, as seen from the red curve
in figure 6.4 is composed of two identical curves associated with each of the electric
dipole polarisations excitable in the stacked hole metamaterial. The inset at the top
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of figure 6.4 shows the instantaneous electric currents corresponding to both electric
polarisations that can be excited in a single truncated hole resonator. The solid black
arrows represent the instantaneous electric current of the electric polarisation shown
by the solid red arrow. Similarly, the broken black arrows correspond to the electric
currents of the orthogonal electric polarisation, shown by the faint red arrow. Owing to
the symmetric geometry of the truncated hole resonator, both the electric dipole reso-
nances are degenerate and hence the identical dispersion. The FBW of the 1D stacked
hole metamaterial as computed from the dispersion in figure 6.4 is 35.6%. The dotted
black line in the modelled dispersion diagram of figure 6.4 represents the free-space
light line. The dispersion curve of the 1D stacked hole metamaterial has an interest-
ing trend as a function of wavevector. For small wavevector values, the curve shows
a positive and linear gradient indicating the mode’s interaction with some free space
modes propagating along the direction of the stack. The negative dispersing character
is exhibited for wavevectors away from the light line.
The next step in the analysis was to compute the dispersion of a 1D HNB-SRR ax-
ial metamaterial stack and examine the qualitative and quantitative changes that have
occurred to the resonant response of this hybrid metamaterial, compared to that of the
resonant responses from the individual stacked hole and stacked NB-SRR metamate-
rials. To visualise the dispersion characteristics of the 1D axially stacked HNB-SRR
metamaterial, the stack was modelled as a periodic medium with the already men-
tioned design specifications using the eigenmode solver in COMSOL Multiphysics. The
positive and the negative dispersing modes of the 1D HNB-SRR metamaterial stack
computed by the numerical model are overlaid on the positive and negative dispersions
in figures 6.3 and 6.4 respectively, for direct comparison.
Comparing the dispersions of the stacked hole and stacked NB-SRR metamaterials
in figures 6.3 and 6.4 with that of the overlaid positive and negative dispersions of the
HNB-SRR stack, a qualitative similarity in their nature is observed. The longitudi-
nal magnetic dipole interactions in both the NB-SRR and the HNB-SRR stacks result
in the positive dispersion in figure 6.3. Similarly, the negative dispersions due to the
transversely coupled electric dipoles in the truncated hole resonator and the HNB-SRR
stacks are comparable. The degeneracy of the negative dispersing modes in the stacked
hole metamaterial is lifted in the HNB-SRR stack owing to the inclusion of NB-SRRs
at the centre. This lifting of degeneracy is prominent especially at small wavevectors
as seen from figure 6.4. This is to be expected following the observation that the
electric resonances in the individual HNB-SRR meta-atoms were also non-degenerate.
For higher wavevectors where the phase difference between the fields in neighbouring
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resonators approaches pi (pi at kz = pi/a, the Brillouin zone boundary, with a being
the stacking period), the fields are highly localised to the truncated hole regions of the
HNB-SRR meta-atom with little or no role played by the NB-SRR component of the
meta-atoms. The degeneracy of the negative dispersing modes is therefore restored at
these higher wavevectors.
However, whilst qualitatively similar, it can be noted that the bandwidths of the
positive and negative dispersing modes in the HNB-SRR metamaterial stack are nar-
rower than that of the modes observed in the individual stacked hole resonator and the
stacked NB-SRR metamaterials. The FBW of the HNB-SRR modes were calculated
using the information from figures 6.3 and 6.4. The FBW of the positive dispersing
mode was calculated as 47.2% while that of the negative dispersing modes were 28.5%
and 24.5%. The reduction in the FBW of the HNB-SRR stack is simply due to the close
proximity of the truncated hole and the NB-SRR to each other in the hybrid design of
the meta-atoms.
When a resonance is excited in one of the individual components of the HNB-SRR
(the truncated hole resonator or the NB-SRR), a counter-propagating electric current
is excited in the other, as briefly mentioned in section 6.2. The inset at the top of figure
6.3 shows the instantaneous electric current distribution corresponding to the positive
dispersing resonant mode (black curve) in a HNB-SRR meta-atom of the metamaterial
stack. The counter-clockwise instantaneous current of the NB-SRR is countered by
a clockwise instantaneous current in the hole resonator. The resulting net magnetic
dipole moment is weaker than that in a NB-SRR meta-atom. Therefore, the inter-
element interaction in the HNB-SRR metamaterial stack is weaker than that in the
NB-SRR metamaterial stack and its FBW narrower. Similarly, the insets at the bottom
of figure 6.4 represent the instantaneous electric currents in the HNB-SRR meta-atoms
of the stack, corresponding to the two orthogonal electric polarisations. At either of
these two resonances, the counter-propagating electric currents to the hole resonator’s
electric current are excited in a different split-ring of the NB-SRR (the inner or the
outer), as seen in the bottom insets of figure 6.4. Consequently, the strengths of the
two excited electric resonances are different and are both weaker than the resonances in
just the truncated hole resonator. Therefore, both these negative dispersing resonances
of the 1D HNB-SRR have a narrower FBW compared to those in the 1D stacked
hole metamaterial. This difference between the resonance strengths in the HNB-SRR
meta-atoms and the corresponding resonance in the individual NB-SRR/hole resonator
reflects as different inter-element interaction strengths in the 1D stacked HNB-SRR
metamaterial and the individual 1D stacked NB-SRR/hole metamaterials. Therefore,
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the difference in FBW values is observed in both the positive and negative dispersing
resonant modes. At the higher wavevectors, as explained already, due to the high field
localisation to the NB-SRR or the hole resonator components of the HNB-SRR, the
dispersions of the respective compared resonances are identical, as seen from figures 6.3
and 6.4.
6.4 Experimental realisation and characterisation of a 1D
stacked HNB-SRR metamaterial
NB-SRR and HNB-SRR meta-atoms were fabricated to construct the respective 1D
metamaterial axial stacks to experimentally characterise their dispersion relations, the
results of which are presented in this section.
6.4.1 Fabrication
2D arrays of NB-SRRs and HNB-SRRs were fabricated commercially by a local PCB
manufacturer Graphic PLC, on a 1.5 mm thick commercial Astra MT77 substrate clad
with 35 µm of copper. A layer of photoresist was coated on top of the copper layer and
the design of the meta-atoms transferred into the resist by laser direct imaging. The
subsequent development of the photoresist followed by etching of the resulting exposed
metal using ferric chloride were performed as described in section 3.2 of chapter 3.
The individual meta-atoms were cut from the panels, and the 1D metamaterials were
constructed by axially stacking 90 meta-atoms with a periodicity of 3 mm (the meta-
atoms alternate the stack with intermediate 1.5 mm thick blank Astra MT77 substrate
squares), as shown in figures 6.5a and 6.5b.
The magnetic mode supported by the 1D NB-SRR metamaterial stack was excited
via the near-field using a loop antenna positioned for optimum coupling, as shown in
figure 6.5a. A second loop antenna was used to probe the excited magnetic near-field
above the metamaterial stack as a function of distance along the stack direction shown
by the dashed red arrows. The orientation of the probing loop antenna was co-axial
with the input loop antenna, so as to pick up the axial magnetic fields of the metama-
terial stack. Both the launch antenna and the collection probe were connected to the
ports of a VNA. The coaxial probe recorded the local magnetic field strength in the
frequency range of 1 GHz to 1.9 GHz.
The experimental arrangement for the HNB-SRR stack was different from that
of the NB-SRR stack, as can be seen from figure 6.5b. The motivation here was
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Figure 6.5: Schematics of experimental setups used to excite and detect the modes
of the (a) one-dimensional stacked NB-SRR metamaterial and (b) one-dimensional
stacked HNB-SRR metamaterial, with period a = 3 mm. The substrate material has
been rendered translucent to reveal the periodic structures. A near-field loop antenna
excites the magnetic near-field of the 1D metamaterial stacks, and a second loop
antenna traverses the length of the stack to probe and record the magnetic near-field,
along the z-direction (shown dashed red). Both the launch antenna and the probe are
connected to a VNA.
to deliberately excite and detect both the positive dispersing mode and one of the
negative dispersing modes simultaneously and visualise the metamaterial’s dispersion.
The exciting loop antenna was positioned optimally to couple into the axial magnetic
field of the NB-SRR’s magnetic mode and the local magnetic near-field of the broader
of the two negative dispersing modes, as seen in figure 6.5b. The detecting loop antenna
was positioned co-axially to the input loop antenna and probed the local magnetic field
strength in the frequency range of 1 GHz to 1.9 GHz. In the HNB-SRR metamaterial
stack, the challenge was to detect the magnetic fields of the NB-SRR component,
which is mostly localised through the centre of the metamaterial waveguide. Making
the minimum edge metallic width on the outer truncated hole resonator just 200 µm,
and using a stacking periodicity of 3 mm allowed us to probe the small proportion of
field leaked outside of the chain from this mode.
6.4.2 Experimental characterisation of the 1D metamaterial stack
As described in section 5.3.2 of chapter 5, the Fourier transforms of the spatial mag-
netic field maps from the NB-SRR stack were combined to plot the dispersion diagram
in figure 6.6. The numerically predicted mode dispersion from COMSOL is overlaid
on the experimental data as red triangular markers in figure 6.6. The excited mode
exhibits a positive gradient and is in good agreement with the numerical prediction,
confirming our understanding of the field interactions in the NB-SRR stack.
117
6. A metamaterial waveguide with simultaneous forward and backward-wave
propagation
Figure 6.6: Fourier amplitude of the complex spatial magnetic field map of the
NB-SRR stack, plotted as a function of frequency and wavevector along the stacking
direction. The red triangles indicate the mode positions predicted by the eigensolver
in COMSOL Multiphysics for the NB-SRR stack.
The Fourier transforms of the spatial magnetic field maps from the HNB-SRR
stack, are combined in the dispersion diagram in figure 6.7. The dispersion shows both
positive and negative dispersing modes as expected. The two modes do not exhibit
anti-crossing, confirming that they are independent of one another. The numerically
predicted dispersions are overlaid as red and blue triangular markers, respectively. The
experimental observation appears to be in excellent agreement with the numerical pre-
diction.
This is a first demonstration of a 1D metamaterial with simultaneous positive and
negative dispersion along the same direction and in an overlapping frequency band.
It is to be noted that simultaneous positive and negative dispersion in an overlapping
frequency band by a metamaterial device has been reported in 3D, in literature [152–
154]. 2D metasurfaces of modified square hole resonators are stacked to form the 3D
structure (fishnet metamaterial) which offers a positive or a negative dispersion in an
overlapping frequency band depending on the polarisation of an incident electromag-
netic wave. The metamaterial design reported in this chapter shares similarity with
that of the 3D fishnet metamaterial from these works in that it also supports two or-
thogonal electric polarisations. However, both these orthogonal polarisations in our
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Figure 6.7: Fourier amplitude of the complex spatial magnetic field map of the
HNB-SRR stack, plotted as a function of frequency and wavevector along the stacking
direction. The red and blue triangles indicate the mode positions predicted by the
eigensolver in COMSOL Multiphysics for the positive and negative dispersing modes
respectively. The positive and negative dispersing modes are simultaneously detected
with no indications of interactions with each other (no anti-crossing).
metamaterial offer a negative dispersion. By virtue of the hybrid geometry, a positive
dispersing resonant mode in accommodated in the metamaterial through the NB-SRR
inclusions. We have reported simultaneous near-field excitation and detection of pos-
itive and negative dispersing electromagnetic modes in a hybrid metamaterial, in an
overlapping frequency band.
Further to the analysis of the positive and negative dispersing resonant modes in
the NB-SRR, truncated hole and the HNB-SRR stacks, the group velocities of the
corresponding resonant modes are also compared in figure 6.8. Figure 6.8a shows the
group velocities of the positively dispersing resonant modes in the stacked NB-SRR
and HNB-SRR stacks, respectively. It was shown in figure 6.3 that the FBW of the
resonant mode in the HNB-SRR stack was reduced compared to that in the NB-SRR
stack owing to weakened resonance strength and consequently reduced inter-element
interaction strength. This weakened interaction strength is also reflected as reduced
group velocity in the HNB-SRR stack at the small wavevectors.
Figure 6.8b shows the group velocities of the negatively dispersing modes in the
truncated hole and the HNB-SRR stacks. Similar to the group velocity plot of figure
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Figure 6.8: (a) The group velocity for the positively dispersive modes of the NB-
SRR (red curve) and HNB-CSRR (blue curve) 1D stacks as a function of wavevector
in the stacking direction. (b) The group velocity for the negatively dispersive mode of
the truncated hole resonator 1D stack (blue curve) and the two orthogonal negatively
dispersing modes of the HNB-CSRR 1D stack (blue and black curves) as a function
of wavevector in the stacking direction. The group and phase velocities represented in
(b) are oppositely directed and hence the negative scale on the wavevector axis.
5.4 in chapter 5, the group velocity and the wavevector axes have opposite signs for
the negatively dispersing modes. Like in figure 6.8a, it can be seen that the FBW of
the modes and hence the inter-element interaction strength have a direct relationship
to the group velocity. As one might expect, the group velocities of the two orthogonal
negative dispersive modes of the HNB-SRR stack are smaller than that in the stacked
hole metamaterial. Comparing these to the group velocity of the positive dispersing
mode of the HNB-SRR in figure 6.8a, it is observed that the group velocity of the sig-
nals that could propagate forwards and backwards in the waveguide would do so with
different group velocities. They can be tuned to be equal by appropriate adjustments
to the design parameters.
The attenuation of the positive and negative dispersing modes were calculated using
the same procedure as in chapter 5, for a periodicity of 3 mm. The results are shown
in figure 6.9. It is clearly visible that the band of attenuation is directly related to the
observed bandwidth of the corresponding modes. The attenuation corresponding to the
magnetic mode (shown by the blue data points) is lower than that we observed for the
MNB-CSRR metamaterial stack of the last chapter, with a minimum attenuation of
1.12 dB/m observed at 1.23 GHz. The attenuation is below 3 dB/m (50%) for the fre-
quency range of 1 GHz to 1.61 GHz. Such a low attenuation is not surprising given the
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Figure 6.9: The attenuation of the HNB-SRR metamaterial waveguide with period
a = 3 mm. The blue dots represent the attenuation of the magnetic mode and the
red dots that of the electric mode, both calculated from the numerically computed
dispersion shown in figure 6.7 and the corresponding group velocities shown in figure
6.8. The lowest attenuation of 1.12 dB/m is observed at the frequency of 1.23 GHz
for the magnetic mode. The electric mode is more lossy with a minimum attenuation
of 2.15 dB/m observed at the frequency of 1.62 GHz.
fact that the magnetic mode due to the NB-SRR’s resonance is localised to the centre
of the waveguide,a long which it propagates. The periodicity for the experiment had
to be set at 3 mm to deliberately increase field leakage at the sides of the metamaterial
stack and pick it up with a near-field magnetic probe. It can be confidently stated
that reducing the periodicity of the metamaterial stack further will greatly reduce the
attenuation of the HNB-SRR’s magnetic mode.
Attenuation is calculated for only the electric mode that was characterised in the
experiment along with the magnetic mode. The corresponding attenuation data points
are shown in red in figure 6.9. It is not surprising that the attenuation of this mode
is compared to that of the magnetic mode, because 1) the truncated hole resonator
being positioned on the outer portion of the waveguide would lose more energy than
the NB-SRR components at the centre, and 2) the resonant mode of the truncated
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hole resonator as we saw in the first section easily couples to free-space radiation and
therefore has a radiative loss channel along the direction of the stack. Given all these
reasons, the lowest attenuation observed for the electric mode is 2.15 dB/m at the
frequency of 1.62 GHz. The low loss propagation band is also narrower for this mode.
Just like for the magnetic mode, reducing the longitudinal periodicity will result in
reduced attenuation and increased bandwidth for the mode.
Similar to the observation in chapter 5, the attenuation of the two modes at their
respective band edges is unrealistically high which is unavoidable in computation, as
discussed already. Given the frequency overlap of the two modes as is, the frequency
points at which either of their lowest attenuation occurs is separated. By appropriate
tuning of the design parameters, if both the modes are shifted such that their low-
est attenuations occur at the same frequency, then low-loss bidirectional waveguiding
can be improved. The results from this study offer a new recipe for the creation of
wideband metamaterial waveguides that support simultaneous bidirectional guiding of
non-interfering waves, which maybe of assistance in bidirectional power transfer appli-
cations in an overlapping frequency range.
6.5 Sensitivity to change in longitudinal periodicity
As a last study on the HNB-SRR metamaterial stack, the change in behaviour of the
resonant modes as a function of changing longitudinal/stacking periodicity was com-
puted numerically. The positive dispersing mode and the specific negative dispersive
mode that was excited along with the positive dispersing mode in the experiment were
studied by setting the period values to ‘a’ = 1.5 mm, 3 mm, 6 mm, and 10 mm. The
results of the study are plotted in figure 6.10.
The pair of the positive and negative dispersing resonant modes studied always
have the same crossing point of 1.5 GHz. This frequency will change only if the pos-
itive or the negative dispersing mode’s resonance frequency is tuned by manipulating
the design parameters. It is seen from figure 6.10 that increasing the periodicity nat-
urally decreases the interaction strength among meta-atoms in the 1D stack resulting
in a reduction in their fractional bandwidths. Besides tuning the bandwidths of the
resonant modes, the wavevector at which both the resonant modes become degenerate
(the crossing point) is also tuned. At a periodicity of 10 mm, the frequency overlap is
avoided and a bandgap is opened.
Though we experimentally demonstrated the simultaneous excitation of both the
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Figure 6.10: Numerically computed dispersion relations for the 1D metamaterial
stack built from HNB-SRR meta-atoms, as a function of changing longitudinal peri-
odicity. The dispersion relations were computed for periods ‘a’=1.5 mm, 3 mm, 6 mm
and 10 mm.
resonant modes at a periodicity of 3 mm for convenience of field detection, it is seen
that by reducing the periodicity to 1.5 mm improves the fractional bandwidth of the
modes and thereby increases the frequency overlap of operation. This section of the
study will be valuable to understand how tuning the longitudinal periodicity can help
tune the operational characteristics of the HNB-SRR metamaterial waveguide.
6.6 Summary
The resonances of non-bianisotropic meta-atoms exhibiting isolated in-plane and out-
of-plane dipole moments were analysed. Following this, a hybrid meta-atom (HNB-
SRR) was created by combining a non-bianisotropic SRR (NB-SRR) meta-atom with
a truncated metallic hole resonator. The resonant modes exhibited by the 1D stacked
metamaterial constructed from HNB-SRR meta-atoms had narrower fractional band-
widths compared to the corresponding resonances in just the stacked hole metamaterial
and the stacked NB-SRR metamaterial. The reason was found to be the weakening
of the resonances in the HNB-SRR resulting from its hybrid geometry. The NB-SRR
and HNB-SRR stacks were experimentally realised and characterised. The HNB-SRR
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stack was found to simultaneously accommodate both positive and negative dispersing
modes in an overlapping frequency band. The two resonant modes show no sign of cou-
pling to each other (no anti-crossing), which may make the design suitable for realising
bidirectional wireless power transfer applications. The magnetic mode associated with
the NB-SRR components of the waveguide exhibits very low propagation loss owing to
localisation to the centre of the waveguide. The electric mode on the other hand is more
lossy, but can be controlled by tuning the longitudinal periodicity. Tuning the design
parameters should also enable tuning the frequency of lowest attenuation in each res-
onance to coincide, to achieve low loss propagation in both resonances simultaneously.
Finally, the sensitivity of the HNB-SRR stack with respect to changing longitudinal
periodicity was studied. Tuning the period helps change the wavevector at which both
the modes become degenerate, while maintaining the frequency. This tuning also si-
multaneously controls the operational bands and consequently the frequency overlap
between the two resonant modes.
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Chapter 7
Conclusions and future work
7.1 Conclusions
The work in the initial part of this thesis presented a full characterisation and detailed
analysis of electromagnetic interactions in bianisotropic split-ring resonator dimers,
which had not been provided in literature. The subsequent work in the thesis built
on the understanding of electromagnetic interactions between meta-atoms to propose
design modifications and new hybrid designs of meta-atoms. These meta-atoms were
employed to build 1D metamaterial stacks with novel electromagnetic responses that
either improve over the limitations of metamaterial structures proposed in literature
or are the first to be observed. The metamaterial designs proposed in this thesis could
be of valuable assistance in developing novel metamaterials in magneto- and electro-
inductive waveguiding, and wireless power transfer applications.
In chapter 4, the nature of electromagnetic interactions between two identical bian-
isotropic split-ring resonators were analysed experimentally and analytically, as a func-
tion of changing separation and relative rotation angle. While, a simple coupled-dipole
model suffices to explain the resonant behaviour of the coupled SRRs at separations
comparable to the resonant wavelength, it starts to fall apart at sub-wavelength sep-
arations because of its failure to account for near-field effects. The developed analyt-
ical model’s results agree well with that of the experiments and help explain the rich
coupling behaviour exhibited due to the competition or concert between electric and
magnetic interactions in the dimer. The work in this chapter adds to the currently ex-
isting knowledge on bianisotropy by showing that it is a highly disadvantageous feature
that limits inter-element interaction strength in metamaterial systems and will help
inform the design of more complex metamaterials with densely packed arrays where
the strength of inter-resonator coupling becomes significant.
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In chapter 5, a modified non-bianisotropic complementary SRR design was pro-
posed, to overcome the limitations imposed by bianisotropy and to widen the maxi-
mum achievable bandwidth of negatively dispersing metamaterials. The comparison of
bandwidths between 1D axially stacked metamaterial waveguides constructed from the
bianisotropic CSRR and the modified non-bianisotropic CSRR (MNB-CSRR) meta-
atoms showed that the modified design indeed sustains stronger inter-element interac-
tions. The MNB-CSRR metamaterial exhibited a fractional bandwidth of 56.3% (ultra
wideband) which is wider than that of the CSRR metamaterial (41.5%) for the same
lattice periodicity and that of any report that could be found in the literature. The
MNB-CSRR metamaterial stack also showed less sensitivity to changing lattice period.
A simple toy coupled-dipole model was employed to explain the origin of negative dis-
persion in the stacked CSRR based metamaterials and to demonstrate the limiting
effects of bianisotropy on a metamaterial’s operational bandwidth. It will add to prior
knowledge obtained through equivalent circuit modelling. The results from this study
should be of assistance in the design of broadband metamaterial devices in such appli-
cations as wireless power transfer.
In chapter 6, a 1D metamaterial waveguide that supports the simultaneous existence
of positive and negative dispersing modes in an overlapping frequency band was suc-
cessfully designed and experimentally demonstrated. The waveguide is constructed by
axially stacking a newly designed hybrid meta-atom, composed of a non-bianisotropic
SRR (NB-SRR) and a truncated hole resonator, both combined in the same plane.
The positive and negative dispersing modes of the metamaterial showed no sign of
coupling to each other, which may make the design suitable for realising bidirectional
wireless power transfer applications. The hybrid geometry’s drawback was that the
individual components (the truncated hole resonator and the NB-SRR) of the hybrid
meta-atom weakened each others’ resonances, which resulted in a reduced bandwidth
of the modes compared to those in just a 1D stacked hole waveguide or a 1D stacked
NB-SRR waveguide. Alternative strategies need to be adopted to counter this in future
designs.
7.2 Future Work
1. Further development of the analytical model: The analytical model de-
veloped in chapter 4 accurately calculates the resonance frequencies of the SRR
dimer’s coupled modes and the coupling coefficients. The real parts of the cou-
pling coefficients were used to quantify the strength of electric and magnetic
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interactions in the SRR dimer and to analyse its changing resonant response.
The imaginary parts of the coupling coefficients represent damping and are im-
portant for predicting the lineshapes of the resonant modes. While the prediction
of resonance lineshapes could easily be achieved using finite element modelling,
developing the analytical model further to include damping would increase its
applicability, which could be the subject of a future study. The analytical model
could also be extended to predict the resonant modes of 1D periodic, biperiodic
and quasi-disordered N-resonator systems.
2. Boosting the operational bandwidth of the hybrid metamaterial waveg-
uide: The hybrid metamaterial waveguide designed and demonstrated in chapter
6 was the first of its kind, supporting the simultaneous existence of forward-
propagating and backward-propagating resonances that do not couple to each
other, in an overlapping wide frequency band. However, this bidirectional meta-
material waveguide suffered from a shortcoming. The generation of counter-
propagating electric currents in one of the meta-atoms’ components in response
to the resonance excited in the other, weakened the inter-element interaction
strength and narrowed the operational bandwidth over which the bidirectional
guiding occurs. Since the generation of counter-propagating currents is an induc-
tive effect, an immediate solution to this issue may be to establish a conductive
(metallic) contact between the stacked hole and the NB-SRR components of the
hybrid meta-atom. The conductive contact between the components would be
made so as to maintain the polarisations of the individual resonances and avoid
interaction between the modes. However, the existence of counter-propagating
electric currents would be prohibited.
3. Modifying the properties of the hybrid metamaterial waveguide: The si-
multaneous non-interacting propagation of positive and negative dispersing modes
in the hybrid metamaterial waveguide was by itself a novel feature. By suitably
modifying the hybrid meta-atom’s geometry, the hybrid waveguide can also be
turned into a slow-wave structure. As it was showed in chapter 6, the two non-
interacting resonances arise from the individual non-bianisotropic components of
the waveguide. A direct approach to achieve this may be by breaking the in-
version symmetry of the meta-atom and deliberately introducing bianisotropy.
For example, by shifting the splits of the split-ring to make it asymmetric along
a single direction in its plane, the previously purely magnetic resonance could
be made to have an additional in-plane electric dipole moment as a consequence
of cross-polarisation. When the positive and negative dispersing modes inter-
act as a consequence and anti-cross in the dispersion, regions of flat dispersion
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could be observed in the anti-crossing region at low wavevectors, where standing
waves would be set up in the medium. Zero gradient is a common observation
at the Brillouin zone boundary of the dispersion diagram as a consequence of
field localisation and a lack of interaction between meta-atoms. But, setting up a
standing wave via interaction of counter-propagating forward and backward dis-
persing waves in the medium, could be a unique feature of the modified hybrid
metamaterial waveguide.
4. Design of graded-index metamaterial profiles: The general theme of the
study in this thesis has been periodic and symmetric designs of meta-atoms used
to construct metamaterial waveguides. A periodic medium’s dispersion relation
maybe used to determine the mode index profile of the medium, which is the
frequency dependent refractive index arising from the medium’s dispersive nature.
A step ahead, in moving away from the periodic design, would be to take building
blocks out of several periodic media and skillfully assemble them in such a way
to synthesise a graded index 1D metamaterial. An example application could
be to design a reflectionless metamaterial based on the so-called Poschl-Teller
[155] or sech2 [156] refractive index profiles that exhibits 100% transmission for a
design frequency. The success of such a metamaterial medium requires in-depth
analysis of several key factors - the number of meta-atoms of a kind required per
building block for the block itself to act as a local effective medium, the size and
periodicity of each building block, and the maximum tolerance in the change of
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